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Subequivalence Relations and
Positive-Definite Functions
A. Ioana, A.S. Kechris, and T. Tsankov
Consider a standard probability space (X,µ), i.e., a space isomorphic to
the unit interval with Lebesgue measure. We denote by Aut(X,µ) the au-
tomorphism group of (X,µ), i.e., the group of all Borel automorphisms of
X which preserve µ (where two such automorphisms are identified if they
are equal µ-a.e.). A Borel equivalence relation E ⊆ X2 is called countable
if every E-class [x]E is countable and measure preserving if every Borel au-
tomorphism T of X for which T (x)Ex is measure preserving. Equivalently,
E is countable, measure preserving iff it is induced by a measure preserving
action of a countable (discrete) group on (X,µ) (see Feldman-Moore [FM]).
To each countable, measure preserving equivalence relation E one can
assign the positive-definite function ϕE(S) on Aut(X,µ) given by ϕE(S) =
µ({x : S(x)Ex}); see Section 1. Intuitively, ϕE(S) measures the amount
by which S is “captured” by E. This positive-definite function completely
determines E.
We use this function to measure the proximity of a pair E ⊆ F of count-
able, measure preserving equivalence relations. In Section 2, we show, among
other things, the next result, where we use the following notation: If a count-
able group Γ acts on X, we also write γ for the automorphism x 7→ γ · x; if
A ⊆ X and E is an equivalence relation on X, then E|A = E ∩ A2 is the
restriction of E to A; if E ⊆ F are equivalence relations, then [F : E] = m
means that every F -class contains exactly m classes; if F is a countable,
measure preserving equivalence relation on (X,µ), then [F ] is the full group
of F , i.e., [F ] = {T ∈ Aut(X,µ) : T (x)Fx, µ−a.e.(x)}.
Theorem 1. Let Γ be a countable group and consider a measure preserving
action on Γ on (X,µ) with induced equivalence relation F = EXΓ .
i) If E ⊆ F is a subequivalence relation and infγ∈Γ ϕE(γ) = ϕ0E > 0,
then there is an E-invariant Borel set A ⊆ X of positive measure such that
[F |A : E|A] = m ≤ 1
ϕ0E
, so that if ϕ0E >
1
2
, F |A = E|A.
ii) If E is any countable, measure preserving equivalence relation and
 > 0, then ∀γ ∈ Γ(ϕE(γ) ≥ 1− ) implies ∀S ∈ [F ](ϕE(S) ≥ 1− 4).
Remark. Popa pointed out that some version of part (i) of the preceding
theorem was known in the theory of operator algebras, see, for example,
the appendix to Popa [PO1]. Actually our initial proof of that theorem
was inspired by Popa’s technique of conjugating subalgebras in a finite von
Neumann algebra (see Section 2 in [PO2]) but, for consistency with the rest
of the paper, we give another self-contained, ergodic-theoretic proof.
With some additional work, Theorem 1 has the following consequences:
a) In the context of i), if ϕ0E > 0, the action of Γ is free (i.e., γ · x 6=
x, ∀γ 6= 1) and E is induced by a free action of a countable group ∆, then
Γ,∆ are measure equivalent (ME).
b) Again in the context of i), if ϕ0E >
1
2
and E is aperiodic (i.e., has no fi-
nite classes), then Cµ(F ) ≤ Cµ(E), where Cµ(R) is the cost of an equivalence
relation R (see [G1] or [KM] for the theory of costs).
c) In i) if ϕ0E >
3
4
, then we can find A so that µ(A) ≥ 4ϕ0E − 3.
In Section 3, we consider a recent co-inducing construction of Epstein
[E]. Given a measure preserving, ergodic action b0 of a countable group Γ
on (X,µ) with associated equivalence relation F = EXΓ and a free, measure
preserving action a0 of a countable group ∆ on (X,µ) with associated equiv-
alence relation E = EX∆ ⊆ F = EXΓ , Epstein’s construction gives for any
measure preserving action a of ∆ on a space (Y, ν), a measure preserving
action b of Γ on a space (Z, ρ), called the co-induced action of a modulo
(a0, b0), in symbols b = CInd(a0, b0)
Γ
∆(a). This construction has important
applications in the study of orbit equivalence of actions – see Epstein [E].
For further potential applications of this method, it seems that one should
have a better understanding of the connection of ergodic properties between
a, b as above. We show, for example, that if b0 is free, mixing and a0 is
ergodic, then: a is mixing⇒ b is mixing. There are however interesting situ-
ations under which b is always mixing for arbitrary a. It turns out that this
phenomenon, for given (a0, b0), is connected to the positive-definite function
discussed earlier. We show the following:
Theorem 2. If b0 is mixing, the following are equivalent:
(i) For all actions a of ∆, b = CInd(a0, b0)
Γ
∆(a) is mixing,
(ii) ϕE(γ)→ 0 as γ →∞.
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The condition (ii) in Theorem 2 somehow asserts that E is “small” relative
to F . In the opposite case we have the following fact. If ϕ0E = infγ∈Γ ϕE(γ) >
0, then b is ergodic ⇒ a is ergodic.
It is well-known that for any ergodic b0 as above one can find a free,
mixing action a0 of ∆ = Z with E ⊆ F (see, e.g., Zimmer [Z], 9.3.2). We
show that when b0 is mixing, one can find such an a0 so that (ii) of Theorem
2 holds. This gives a method of producing, starting with arbitrary measure
preserving Z actions, apparently new types of measure preserving, mixing
actions of any infinite group Γ.
Theorem 3. Let Γ be an infinite countable group, and let b0 be a free,
measure preserving, mixing action of Γ on (X,µ). Then there is a free,
measure preserving, mixing action a0 of Z on (X,µ) such that E = EXZ ⊆
F = EXΓ and ϕE(γ)→ 0 as γ →∞.
When the group Γ is non-amenable, then by work of Gaboriau-Lyons
[GL] one can find a free, mixing action b0 of Γ on (X,µ) and a free ergodic
action a0 of F2 on (X,µ) with E = E
X
F2
⊆ F = EXΓ . We show again that
such a0 can be found so that (ii) of Theorem 2 holds. This is joint work with
I. Epstein.
Theorem 4 (with I. Epstein). Let Γ be a non-amenable countable group.
Then there is a free, measure preserving, mixing action b0 of Γ on (X,µ)
and a free, measure preserving, ergodic action a0 of F2 on (X,µ) such that
E = EXF2 ⊆ F = EXΓ and ϕE(γ)→ 0 as γ →∞.
Remark. Our proof of Theorem 4 uses the Gaboriau-Lyons [GL] result
and additionally the co-inducing construction to produce a pair of actions
satisfying Theorem 4. In [GL] the authors actually produce two different
pairs of actions as above. After seeing a preliminary version of our paper,
Lyons pointed out that their first construction can be shown to satisfy Theo-
rem 4, using results of Benjamini-Lyons-Peres-Schramm [BLPS], in particular
formula (13.8) in that paper. Subsequently, we realized that the second con-
struction of [GL] also may give a pair of equivalence relations satisfying The-
orem 4. More precisely, if one chooses a Cayley graph of Γ with sufficiently
many generators and p ∈ (pc, pu) close enough to pc, then the subequivalence
relation one obtains using the method of [GL] and our Lemma 4.2 will, in
fact, satisfy Theorem 4. See [GL], Pak–Smirnova-Nagnibeda [PS] and the
proof of Benjamini-Schramm [BS], Theorem 4, for more details. We also
note that sometimes the cluster subequivalence relation E for Bernoulli per-
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colation in the non-uniqueness phase does not satisfy ϕE(γ)→ 0 as γ →∞
(see Lyons-Schramm [LS], Remark 1.3).
We use Theorem 4 to study the complexity of the classification problem of
free, measure preserving, ergodic actions of a countable group Γ under orbit
equivalence (OE). After a series of earlier results that dealt with various
important classes of non-amenable groups (see Gaboriau-Popa [GP], Hjorth
[H2], Ioana [I], Kida [KI], Monod-Shalom [MS], Popa [PO2]), Epstein [E]
finally showed that in general any non-amenable group admits uncountably
many non-orbit equivalent free, measure preserving, ergodic actions. This
was proved earlier by Ioana [I] in the case where F2 ≤ Γ, and his main lemma
in that proof could be also used to derive, in this case, the stronger fact that
the equivalence relation E0 (or 2
N, where xE0y ⇔ ∃n∀m ≥ n(x(m) = y(m))
can be Borel reduced to OE on the space of free, measure preserving, ergodic
actions of Γ. Moreover OE on that space cannot be classified by countable
structures (see [K], Section 17, (B)). However, it was not known whether this
non-classification result extends to all non-amenable groups and whether
every non-amenable group admits uncountably many non-orbit equivalent
free, measure preserving, mixing actions. Putting together Theorems 2,4
and the work of Epstein [E] leads now to the following positive answer. This
is again a joint result with I. Epstein.
Theorem 5 (with I. Epstein). Let Γ be a non-amenable countable group.
Then E0 can be Borel reduced to OE on the space of free, measure preserving,
mixing actions of Γ and OE in this space cannot be classified by countable
structures.
Thus we have the following strong dichotomy concerning orbit equiva-
lence: If Γ is (infinite) amenable, there is exactly one free, measure preserv-
ing, ergodic action of Γ up to OE, while if Γ is non-amenable, OE of free,
measure preserving, mixing actions of Γ is unclassifiable in a very strong
sense.
The proof of Theorem 5 shows that the conclusion in that theorem also
holds if OE is replaced by conjugacy (isomorphism) of actions. This fact is
also known to be true for abelian Γ (see [K], 5.7, where the proof is presented
for Z but easily generalizes to any abelian Γ).
In Section 4, we review some basic facts concerning invariant bond per-
colation on Cayley graphs of finitely generated groups (see Lyons-Schramm
[LS] or Lyons-Peres [LP]). We also give in Section 5, (C) an alternative
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proof of Theorem 4.1 (for Cayley graphs) in Lyons-Schramm [LS], using our
Theorem 1.
In Section 5, we apply the preceding results to property (T) groups. Recall
that a Kazhdan pair (Q, ) for such a group consists of a finite generating set
Q ⊆ Γ and a positive  such that for any unitary representation pi of Γ on a
Hilbert spaceH, if there is a vector ξ ∈ H with ‖pi(γ)(ξ)−ξ‖ < ‖ξ‖,∀γ ∈ Q,
then there is a non-0 invariant vector. We state below some sample results.
Theorem 6. Let Γ be an infinite group with property (T), (Q, ) a Kazhdan
pair and P an invariant, ergodic, insertion-tolerant bond percolation on the
Cayley graph GQ of Γ (with respect to Q). If the survival probability P ({ω :
ω(e) = 1}) of each edge e is > 1 − 2
2
, then ω has a unique infinite cluster,
P -a.s. In particular, if pu(Q) is the critical probability for existence of unique
infinite clusters in Bernoulli percolation on this Cayley graph, then pu(Q) ≤
1− 2
2
.
Theorem 7. For each ρ > 0 and every infinite group Γ with property (T),
there is a finite set of generators Q for Γ such that for any invariant, ergodic,
insertion-tolerant bond percolation P on GQ, if the survival probability of each
edge is ≥ ρ, then ω has a unique infinite cluster, P -a.s.
Remark. Lyons-Schramm [LS] had earlier shown that, in the notation of
Theorem 6, pu(Q) < 1. Lyons pointed out that one could also easily deduce a
version of Theorem 6 from the results of their paper (with perhaps a different
constant instead of 1− 2
2
). Similarly for Theorem 5.9 below. Finally, Lyons
mentions that for the special case P = P p, Bernoulli percolation, Theorem
7 was known even for groups Γ for which there exists Q such that pu(Q) < 1
but which do not necessarily satisfy property (T).
Denote below by C(Γ) the cost of a countable group Γ. If Γ is an infinite
countable group with property (T) and n is the smallest cardinality of a set
of generators for Γ, then we have 1 ≤ C(Γ) < n. At this time no example of
a property (T) group with C(Γ) > 1 is known. We obtain here some upper
bounds for C(Γ) in terms of n, , where n = card(Q) and (Q, ) is a Kazhdan
pair. One such result is the following:
Theorem 8. Let Γ be an infinite group with property (T) and (Q, ) a
Kazhdan pair for Γ. If card(Q) = n, then
C(Γ) ≤ n
(
1− 
2
2
)
+
n− 1
2n− 1 .
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Another example is the following.
Theorem 9. Let Γ be an infinite group with property (T) and let (Q, )
be a Kazhdan pair, where Q contains an element of infinite order. Then if
card(Q) = n,
C(Γ) ≤ n− 
2
2
.
In particular, if Γ is torsion-free and 2-generated, then C(Γ) ≤ 2− (2)2
2
, where
2 is the sup of the  such that (Q, ) is a Kazhdan pair with card(Q) = 2.
Remark. Since in this paper we work completely in a measure theoretic
context, we neglect null sets if there is no danger of confusion. So given a
measure space (X,µ), we do not often distinguish between a statement being
true for all x ∈ X or for all x ∈ X,µ-a.e.
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1 Equivalence relations and positive-definite
functions on Aut(X,µ)
Let (X,µ) be a standard measure space and Aut(X,µ) the group of measure
preserving automorphisms of (X,µ). Denote by u the uniform topology on
Aut(X,µ), induced by the metric
δu(S, T ) = µ({x : S(x) 6= T (x)}).
Let E ⊆ X2 be a countable, measure preserving equivalence relation on X.
Define on Aut(X,µ)2:
ψE(S, T ) = µ({x : S−1(x)ET−1(x)}).
So if E = ∆, the equality relation, then 1 − ψE(X,T ) = δu(S, T ). We
claim that ψE is a continuous, positive-definite function on (Aut(X,µ), u).
Recall that a function ψ : Y × Y → C is positive-definite if for every
finite subset {y1, . . . , yn} ⊆ Y and every αi ∈ C, 1 ≤ i ≤ n, we have
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∑
1≤i,j≤n α¯iαjψ(yi, yj) ≥ 0. The proof is similar to that in Aizenman-Newman
[AN]. Fix a finite set {S1, . . . , Sn} ⊆ Aut(X,µ) and αi ∈ C, 1 ≤ i ≤ n, in
order to show that ∑
1≤i,j≤n
α¯iαjψE(Si, Sj) ≥ 0.
For each x ∈ X, define the equivalence relation ∼x on {1, . . . , n} by
i ∼x j ⇔ S−1i (x)ES−1j (x).
Let Cx1 , . . . , C
x
m be the ∼x-classes. Then if (1) denotes the above sum, we
have
(1) =
∫ ∑
1≤i,j≤n
α¯iαjχ{x:S−1i (x)ES−1j (x)}dµ
=
∫ m∑
k=1
(
∑
i,j∈Cxk
α¯iαj)dµ(x)
=
∫ m∑
k=1
|
∑
i∈Cxk
αi|2dµ(x)
≥ 0.
Thus 1−ψE(S, T ) is negative-definite. Recall that a function ρ : Y ×Y →
C is (conditionally) negative-definite if ρ(y, z) = ρ(z, y) and for every finite
subset {y1, . . . , yn} ⊆ Y and every αi ∈ C, 1 ≤ i ≤ n, with
∑n
i=1 αi = 0, we
have
∑
1≤i,j≤n α¯iαjρ(yi, yj) ≤ 0. In particular, if E = ∆, then
δu(S, T ) = 1− ψ∆(S, T ),
so the metric δu is negative-definite.
Note also that ψE is left-invariant, so
ϕE(S) = ψE(1, S)
is a continuous, positive-definite function on (Aut(X,µ), u). Recall again
that a function ϕ : G → C on a group G is positive-definite if the function
ψ : G×G→ C defined by ψ(g, h) = ϕ(g−1h) is positive-definite. If AE(S) =
{x : S(x)Ex}, then ϕE(S) = µ(AE(S)), and we view the quantity ϕE(S)
as measuring the amount by which S is “captured” by E. By the GNS
7
construction there is a (unique) triple (piE,HE, ξE), consisting of a cyclic
continuous representation of (Aut(X,µ), u) on a Hilbert spaceHE with cyclic
unit vector ξE ∈ HE such that
ϕE(S) = 〈piE(S)(ξE), ξE〉.
Now if [E] is the full group of E, then
S ∈ [E]⇔ ϕE(S) = 1
⇔ piE(S)(ξE) = ξE,
i.e., [E] is the stabilizer of ξE in piE. In particular, ϕE completely determines
[E] and thus E, i.e., E is encoded in ϕE.
It is not clear how to characterize the continuous, positive-definite func-
tions ϕ on (Aut(X,µ), u), which are of the form ϕE for some E. Clearly
any such ϕ satisfies 0 ≤ ϕ ≤ 1 and ϕ(1) = 1. Another necessary condition
is that ker(ϕ) = {S ∈ Aut(X,µ) : ϕ(S) = 1} (which is a closed subgroup
of (Aut(X,µ), u)) is separable in the uniform topology. The following ob-
servation may also be relevant here. Let Γ ≤ ker(ϕ) be a countable dense
subgroup of ker(ϕ). If ϕ is of the form ϕE for some E, then Γ is uniformly
dense in ker(ϕ) = ker(ϕE) = [E], so E = E
X
Γ = the equivalence relation
induced by Γ.
Next consider the negative-definite function
θE(S) = 1− ϕE(S)
on Aut(X,µ). Recall that if θ : G→ C is a function on a group G, then θ is
negative-definite if the function ρ(g, h) = θ(g−1h) is negative-definite.
Put also
δu(S, [E]) = inf{δu(S, T ) : T ∈ [E]},
for the distance (in δu) of S to [E]. Then we have
Proposition 1.1. θE(S) = δu(S, [E]) = inf{δu(S, T ) : T ∈ [E]} and more-
over this inf is attained.
Proof. We will use the following well-known fact:
Lemma 1.2. Let S ∈ Aut(X,µ) and let E be a countable, measure preserving
equivalence relation on X. Then there is T ∈ [E] such that S(x) = T (x),
whenever S(x)Ex.
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Granting this, given any S, find T as in 1.2 and note that
δu(S, T ) = µ({x : ¬ S(x)Ex})
= θE(S).
On the other hand, for any R ∈ [E], {x : ¬ S(x)Ex} ⊆ {x : S(x) 6= R(x)},
so θE(S) ≤ δu(S,R), thus θE(S) = δu(S, T ) = δu(S, [E]).
Proof of 1.2. Let A = {x : S(x)Ex} and B = S(A). It is enough to find
a Borel bijection (modulo null sets) S ′ : A∪B → A∪B with S ′(x) = S(x) for
x ∈ A and S ′(x)Ex, for x ∈ A∪B. Then we can take T = S ′∪id|(X\(A∪B)).
Put Y = A ∪ B and consider the equivalence relation F on Y induced
by S|A. Some F -classes C will consist of a cycle {x, S(x), . . . , Sn(x)}, where
Sn+1(x) = x. For such C, we have C ⊆ A, so we can let S ′(x) = S(x),∀x ∈
C. In every other F -class C, we can define the ordering
x <C y ⇔ ∃n > 0(Sn(x) = y).
The union of the infinite C in which there is a largest or smallest element
in <C has clearly measure 0. So we can assume that <C is either a finite
ordering, with largest and smallest elements bC , aC , resp., in which case A ∩
C = C \ {bC} or else <C looks like a copy of the order on Z, in which case
C ⊆ A. In the first case, we define S ′ on C by S ′(x) = S(x), if x 6= bC and
S ′(bC) = aC . In the second case, we put S ′(x) = S(x),∀x ∈ C. This clearly
works. a
Note that if δu also denotes the metric induced by δu on the homogeneous
space Aut(X,µ)/[E], i.e.,
δu(S[E], T [E]) = inf{δu(S ′, T ′) : S ′ ∈ S[E], T ′ ∈ T [E]}
= δu(S, T [E]) = δu(T, S[E]),
then
δu(S[E], T [E]) = δu(S
−1T, [E])
= θE(S
−1T ) = 1− ψE(S, T ),
so δu on Aut(X,µ)/[E], with the quotient topology of u, is a continuous,
negative-definite function.
And we conclude with some further observations on metrics on Aut(X,µ)
and certain subgroups of it.
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The weak topology w on Aut(X,µ) is induced by the metric
δw(S, T ) =
∞∑
n=1
2−nµ(S(An)∆T (An)),
where {An} is dense in the measure algebra MALGµ of (X,µ). Now for each
fixed Borel set A ⊆ X,
ρA(S, T ) = µ(S(A)∆T (A))
is negative-definite, since
ρA(S, T ) =
∫
|χS(A) − χT (A)|2dµ
= ‖χS(A) − χT (A)‖22,
and the function (ξ, η) 7→ ‖ξ − η‖22 is negative-definite on L2(X,µ). It fol-
lows that the left-invariant metric δw is negative-definite. In particular, the
complete metric δ¯w(S, T ) = δw(S, T ) + δw(S
−1, T−1) on Aut(X,µ) is also
negative-definite.
Now consider an aperiodic (i.e., having infinite classes) E and the nor-
malizer N [E] of its full group. Then N [E] has a canonical topology induced
by the complete metric
δ¯N [E](S, T ) = δ¯w(S, T ) +
∞∑
n=1
2−nδu(SγnS−1, TγnT−1),
where {γn} is a countable subgroup of Aut(X,µ) inducing E (see, e.g.,
Kechris [K]). Since for each n, the function (S, T ) 7→ δu(SγnS−1, TγnT−1) is
negative-definite, so is δ¯N [E](S, T ) on N [E].
2 Proximity of subequivalence relations
(A) We view the quantity ϕE(S) = µ({x : S(x)Ex}) as measuring the
amount by which S is captured by E. We will next see that if a countable
group Γ acts in a measure preserving way on (X,µ) inducing an equivalence
relation F = EXΓ , and every element of Γ (viewed as an element of Aut(X,µ)
via x 7→ γ ·x, γ ∈ Γ) is “substantially captured” by E, then E,F are somehow
“close” to each other.
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Towards this goal we will study a canonical representation associated to a
pair E ⊆ F of countable measure preserving equivalence relations on (X,µ).
Let such E,F be given and decompose X =
⊔
N∈{1,2,...,ℵ0}XN , where
XN = {x : There are exactly N E-classes in [x]F}, so that XN is F -invariant.
Thus [F |XN : E|XN ] = N . If F is ergodic, clearly X = XN for some N . Fix
now for each N a sequence of Borel functions {C(N)n }n∈N , C(N)n : XN → XN ,
where we identify N here with {0, . . . , N − 1}, if N is finite, and with N, if
N = ℵ0, such that C(N)0 = id|XN , for each x ∈ XN , C(N)n (x) 6= C(N)m (x), if
m 6= n, and {C(N)n (x)} is a transversal for the E-classes contained in [x]F .
These are called choice functions.
Remark 2.1. For further reference, notice that if E is ergodic, so that
X = XN for some N , then we can take the choice functions C
(N)
n = Cn to be
1-1, i.e., to be in Aut(X,µ). To see this, start with arbitrary {C(N)n } = {Cn}.
Fix n ∈ N and consider Cn. As it is countable-to-1, let X =
⊔∞
k=1 Yk be
a Borel partition such that Cn|Yk is 1-1. Let then Zk = Cn(Yk), so that
µ(Zk) = µ(Yk). Since E is ergodic, there is Tk ∈ [E] with Tk(Zk) = Yk. Let
then Dn(x) = Tk(Cn(x)), if x ∈ Yk. We have Dn(x)ECn(x),∀x, and Dn is
1-1. So {Dn} are choice functions and each Dn is 1-1.
Define now the index cocycle piN : F |XN → SN (= the symmetric group
of N) by the formula:
piN(x, y)(k) = n⇔ [Ck(x)]E = [Cn(y)]E
(see Feldman-Sutherland-Zimmer [FSZ]). Finally, we can define σN : [F |XN ]×
XN → SN by
σN(S, x) = piN(x, S(x)).
Since S ∈ [F |XN ] is not a function but an equivalence class of functions
identified µ-a.e., σN again is to be understood as an equivalence class of
functions (σN)S(x) = σN(S, x) identified µ-a.e. We again have the cocycle
identity: For each S, T ∈ [F |XN ],
σN(ST, x) = σN(S, T (x))σN(T, x),
for almost all x ∈ XN .
Consider now the Hilbert space
H =
⊕
N
L2(XN ×N),
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where XN×N has the σ-finite measure (µ|Xn)×µN , with µN = the counting
measure on N , and the unitary representation τ of [F ] on H given by
τ(S)(
⊕
N
fN) =
⊕
N
gN ,
gN(x, n) = fN(S
−1(x), σN(S−1, x)(n)),
for (x, n) ∈ XN×N, fN ∈ L2(XN×N). Clearly each L2(XN×N) is invariant.
Notice that the representation τ is independent of the choice functions
{C(N)n }, up to unitary equivalence.
Consider the unit vector
ξ0 =
⊕
N
χXN×{0}
in H. Then for S ∈ [F ],
〈τ(S)(ξ0), ξ0〉 =
∑
N
∫
XN×N
ξ0(S
−1(x), σN(S−1, x)(n))ξ0(x, n)dµ(x)dµN(n)
=
∑
N
µ({x ∈ XN : σN(S−1, x)(0) = 0})
=
∑
N
µ({x ∈ XN : S−1(x)Ex})
=
∑
N
µ({x ∈ XN : xES(x)})
= µ({x : S(x)Ex})
= ϕE(S).
Thus the representation τ restricted to the closed span of {τ(S)(ξ0) : S ∈ [F ]}
is the GNS representation of [F ] associated with ϕE.
If now Γ is a countable group acting in a Borel way on (X,µ) so that
EXΓ = F , then, denoting by γ also the map x 7→ γ ·x, the cocycle σN restricts
to a cocycle, also denoted by σN , from Γ×XN to SN : σN(γ, x) = piN(x, γ ·x).
Similarly, the representation τ restricts to a representation, also denoted by
τ , of Γ on H.
We now characterize the condition on E ⊆ F under which the represen-
tation τ has an invariant non-0 vector. First we note the following:
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Proposition 2.2. A vector ξ is invariant under the Γ-representation iff ξ is
invariant under the [F ]-representation.
Proof. Suppose ξ is invariant under the Γ-representation, i.e., for ξ =⊕
N ξN ,
ξN(x, n) = ξN(γ
−1 · x, σN(γ−1, x)(n)),
for all x ∈ XN , for all γ ∈ Γ (neglecting as usual null sets). Let now S ∈ [F ].
Then for each x ∈ XN , there is γ = γx ∈ Γ with S−1(x) = γ−1 · x. Thus
τ(S)(ξN)(x, n) = ξN(S
−1(x), σN(S−1, x)(n))
and σN(S
−1, x)(n) = k, where
[Cn(x)]E = [Ck(S
−1(x))]E
= [Ck(γ
−1 · x)]E,
so σN(γ
−1, x)(n) = k = σN(S−1, x)(n), therefore
τ(S)(ξN)(x, n) = ξN(γ
−1 · x, σN(γ−1, x)(n))
= ξN(x, n),
i.e., ξN and thus ξ is also invariant under τ(S). a
We now have:
Proposition 2.3. The representation τ has an invariant non-0 vector iff
there is a Borel set A ⊆ X of positive measure which is E-invariant and
1 ≤ m < ∞ such that [F |A : E|A] = m, i.e., on some E-invariant Borel
set of positive measure A, there are exactly m E-classes contained in each
F |A-class. In particular, if E is ergodic, [F : E] <∞.
Proof. If such an A exists, we can clearly assume that A ⊆ XN for some
N . Then let B ⊆ XN ×N be defined by
(x, n) ∈ B ⇔ [CNn (x)]E ⊆ A.
Clearly for each x ∈ XN , Bx = {n : (x, n) ∈ B} has cardinality ≤ m, so
if ξ = χB, ξ ∈ L2(XN × N) and obviously ξ 6= 0. Now we claim that ξ is
Γ-invariant, i.e., for γ ∈ Γ,
ξ(x, n) = ξ(γ−1 · x, σN(γ−1, x)(n)).
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This is clear, since [CNn (x)]E = [C
N
σN (γ−1,x)(n)(γ
−1 · x)], by the definition of
σN .
Conversely, let ξ ∈ H be non-0 and Γ-invariant. Clearly we can assume
that ξ ∈ L2(X ×N) for some N . Now
0 <
∫
XN
∑
n∈N
|ξ(x, n)|2dµ <∞,
so for almost all x ∈ XN ,
∑
n∈N |ξ(x, n)|2 < ∞. Let then Nx = {n ∈ N :
|ξ(x, n)| is maximum among all |ξ(x, i)|, i ∈ N}. Let ax be this maximum.
Then Nx is finite, provided that ax > 0. Since ξ is Γ-invariant
ξ(x, n) = ξ(γ−1 · x, σN(γ−1, x)(n)),
so n ∈ Nx ⇔ σN(γ−1, x)(n) ∈ Nγ−1·x, card(Nx) = card(Nγ−1·x), and ax =
aγ−1·x, thus x 7→ card(Nx), x 7→ ax are F -invariant. Also as∫
XN
∑
n∈N
|ξ(x, n)|2dµ > 0,
{x ∈ XN : ax > 0} has positive measure. So fix m > 0 and a set Y ⊆ XN
of positive measure, which is F -invariant, and for x ∈ Y we have ax > 0 and
m = card(Nx). Let then
A =
⋃
{[CNn (x)]E : x ∈ Y, n ∈ Nx}.
Then A is E-invariant, has positive measure and [F |A : E|A] = m. a
Consider now the closed convex hull C of {γ · ξ0 : γ ∈ Γ}, where S · ξ0 =
τ(S)(ξ0). Since ϕE(γ) = 〈γ · ξ0, ξ0〉, we see that if infγ∈Γ ϕE(γ) = ϕ0E > 0,
then 〈γ · ξ0, ξ0〉 ≥ ϕ0E,∀γ ∈ Γ, so 〈η, ξ0〉 ≥ ϕ0E,∀η ∈ C. If then ξ is the unique
element of least norm in C, we have 〈ξ, ξ0〉 ≥ ϕ0E, and thus ξ 6= 0. Clearly ξ
is invariant (under Γ and thus [F ]). Thus we have
Proposition 2.4. If infγ∈Γ ϕE(γ) = ϕ0E > 0, then there is a non-0 invariant
vector for τ .
(B) We can conclude from 2.3 and 2.4 that if ϕ0E > 0, then there is an
E-invariant set of positive measure A such that [F |A : E|A] = m < ∞. We
can in fact obtain an estimate for such m (and prove a somewhat stronger
version).
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Theorem 2.5. Let Γ be a countable group and consider a measure pre-
serving action of Γ on (X,µ) with associated equivalence relation F = EXΓ .
Let E ⊆ F be a subequivalence relation. Let S, S ′ ∈ [F ] and assume that
infγ∈Γ ϕE(SγS ′) = c > 0. Then there is an E-invariant Borel set A of posi-
tive measure such that [F |A : E|A] = m ≤ 1
c
. In particular, if c > 1
2
, F |A =
E|A.
Proof. Since SγS ′ = (SS ′)((S ′)−1γS ′), by replacing the action γ · x of
Γ by the conjugate action γ ∗ x = (S ′)−1(γ · S ′(x)), which also induces F ,
we can assume that S ′ = id. Thus we have infγ∈Γ ϕE(Sγ) = c > 0. So
〈Sγ · ξ0, ξ0〉 ≥ c, or 〈γ · ξ0, S−1 · ξ0〉 ≥ c, ∀γ ∈ Γ, thus if C is the closed convex
hull of {γ · ξ0 : γ ∈ Γ}, and ξ the element of least norm in C, ξ is invariant
for τ and 〈ξ, S−1 · ξ0〉 = 〈S · ξ, ξ0〉 = 〈ξ, ξ0〉 ≥ c.
Now fix  > 0 and let α1, . . . , αk ∈ [0, 1], with
∑k
i=1 αi = 1, and γ1, . . . , γk ∈
Γ be such that if ξ′ =
∑k
i=1 αi(γi · ξ0), then ‖ξ′ − ξ‖ ≤ . Then, as ξ is in-
variant, for any T ∈ [F ] we have
〈T · ξ′, ξ0〉 = 〈T · (ξ′ − ξ), ξ0〉+ 〈ξ, ξ0〉 ≥ c− 
(note that 〈T · ξ′, ξ0〉 is real). Thus for any T ∈ [F ],
k∑
i=1
αi〈Tγi · ξ0, ξ0〉 ≥ c− 
or
k∑
i=1
αiϕE(Tγi) ≥ c− . (1)
We will now use the following lemma.
Lemma 2.6. Assume E ⊆ F are countable, measure preserving equivalence
relations on (X,µ) and let n ≥ 1. Then either there is an E-invariant
Borel set A ⊆ X of positive measure such that every F |A-class contains at
most n E|A-classes or there are T0, . . . , Tn ∈ [F ] such that T0(x) = x and
[Ti(x)]E 6= [Tj(x)]E, if i 6= j.
Assuming the lemma, take n = [1
c
]. If the first case of 2.6 occurs, then
the conclusion of the theorem immediately follows, so it is enough to show
that no such T0, . . . , Tn exist. Otherwise, apply (1) to T0, . . . , Tn to get
n∑
j=0
k∑
i=1
αiϕE(Tjγi) ≥ (n+ 1)(c− ).
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But notice that
n∑
j=0
ϕE(TjT ) ≤ 1,∀T ∈ [F ].
This holds since
n∑
j=0
ϕE(TjT ) =
n∑
j=0
µ({x : TjT (x)Ex})
and the sets {x : TjT (x)Ex}, j = 0, . . . , n are pairwise disjoint. Thus
(n+ 1)(c− ) ≤
k∑
i=1
αi = 1,
so, as  is arbitrary, n+ 1 ≤ 1
c
, a contradiction.
So it only remains to give the proof of 2.6.
Proof of Lemma 2.6. Assume first that F is ergodic.
Consider then the ergodic decomposition of E. This is given by a Borel
map Σ : X → E , where E is the standard Borel space of invariant, er-
godic probability measures for E, such that (i) Σ is E-invariant; (ii) If
e ∈ E and Xe = Σ−1({e}), then e(Xe) = 1 and e is the unique E-invariant
probability measure on Xe; (iii) If Σ∗µ = µ∗, then µ =
∫
edµ∗(e), i.e.,
µ(B) =
∫
e(B)dµ∗(e), for all Borel sets B ⊆ X.
Let E0 = atomic part of µ∗, and put E1 = E \E0. Split X1 =
⋃
e∈E1 Xe into
E-invariant Borel sets X1 = A0unionsq · · ·unionsqAn, where µ(Ai) = µ(Aj),∀i, j,and let
ϕi,j ∈ [F |X1] be such that ϕi,j(Ai) = Aj, 0 ≤ i, j ≤ n. Now let ψ0, . . . , ψn :
{0, . . . , n} → {0, . . . , n} be the bijections defined by
ψi(m) = (m+ i) mod (n+ 1).
Then define ϕ
(1)
i ∈ [F |X1] by
ϕ
(1)
i |Am = ϕm,ψi(m)
(so that ϕ
(1)
i (Am) = Aψi(m)). Note that ¬ ϕ(1)i (x)Eϕ(1)j (x), if i 6= j. Thus
we have found ϕ
(1)
0 , . . . , ϕ
(1)
n ∈ [F |X1] with ϕ(1)0 (x) = x,¬ ϕ(1)i (x)Eϕ(1)j (x), if
i 6= j.
Consider now e ∈ E0, so that µ(Xe) > 0. If [F |Xe : E|Xe] ≤ n, then A =
Xe satisfies the first alternative of the lemma. So we can assume that [F |Xe :
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E|Xe] ≥ n + 1,∀e ∈ E0. Since E|Xe is ergodic, we can find ϕe0, . . . , ϕen ∈
[F |Xe] with ϕe0(x) = x and ¬ ϕei (x)Eϕej(x), if i 6= j (see 2.1). Let ϕ(0)i =⋃
e∈E0 ϕ
e
i . Thus ϕ
(0)
i ∈ [F |X0], where X0 =
⋃
e∈E0 Xe = X \X1, and ϕ
(0)
0 (x) =
x,¬ ϕ(0)i (x)Eϕ(0)j (x), if i 6= j. Finally let Ti = ϕ(0)i ∪ϕ(1)i . This clearly works.
If F is not ergodic, consider its ergodic decomposition and apply the
preceding argument to each piece of the ergodic decomposition. a
We also have the following result concerning the “proximity” of E to F .
Theorem 2.7. Let Γ be a countable group and consider a measure preserving
action of Γ on (X,µ) with associated equivalence relation F = EXΓ . Let E
be a countable measure preserving equivalence relation on (X,µ). If  > 0 is
such that ϕE(γ) ≥ 1− , ∀γ ∈ Γ, then ϕE(S) ≥ 1− 4, ∀S ∈ [F ].
Proof. Since for S ∈ [F ], ϕE(S) = ϕE∩F (S), we can assume that E ⊆ F .
In the earlier notation of Section 2, (A) concerning the representation
τ of [F ], we have that 〈γ · ξ0, ξ0〉 ≥ 1 − , ∀γ ∈ Γ (where we put as before
τ(S)(ξ) = S · ξ). If ξ is the element of least norm in the closed convex hull of
{γ · ξ0 : γ ∈ Γ}, then ξ is invariant for τ and 〈ξ, ξ0〉 ≥ 1− , thus ‖ξ− ξ0‖2 ≤
2(1−〈ξ, ξ0〉) ≤ 2. Thus for any S ∈ [F ], ‖ξ−S · ξ0‖2 = ‖S · ξ−S · ξ0‖2 ≤ 2,
so ‖S · ξ0− ξ0‖ ≤ 2
√
2, therefore 2(1−ϕE(S)) ≤ 8, and so ϕE(S) ≥ 1− 4.
a
(C) We will next derive some consequences of the preceding results. We
refer to Gaboriau [G2] for information about the concept of measure equiva-
lence (ME) introduced by Gromov.
Lemma 2.8. Let Γ,∆ be two countable groups and consider free, measuring
preserving actions of Γ,∆ on (X,µ) with associated equivalence relations
E = EX∆ ⊆ F = EXΓ . If there is an E-invariant Borel set A ⊆ X such that
every F |A-class contains at most finitely many E|A-classes, then Γ,∆ are
ME.
Proof. By shrinking A we can assume that there is n such that [F |A :
E|A] = n. Fix Borel T1, · · · , Tn : A→ A such that the F |A-class of x is the
union of the E|A-classes of Ti(x), i = 1, . . . , n.
Let Ω = {(x, y) : x ∈ A, y ∈ X, xFy} ⊆ F and consider on Ω the σ-
finite Borel measure ν|Ω, where ν is the σ-finite Borel measure on F given
by ν(B) =
∫
X
card(B ∩ F x)dµ(x), for every Borel B ⊆ F . Then ∆ acts
on Ω by: δ · (x, y) = (δ · x, y), since A is ∆-invariant, and Γ acts on Ω
by: γ · (x, y) = (x, γ · y). These actions clearly preserve ν|Ω and commute.
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So it is enough to show that each of the ∆,Γ actions admits a transversal
(fundamental domain) of finite measure. Let T : [A]F → A be a Borel map
such that T (y)Fy. Then Ω1 = {(TiT (y), y) : y ∈ [A]F , i = 1, . . . , n} is a
finite measure transversal for the ∆-action and Ω2 = {(x, x) : x ∈ A} is a
finite measure transversal for the Γ-action. a
Corollary 2.9. In the context of 2.8, if there are S, S ′ ∈ [F ] such that
infγ∈Γ ϕE(SγS ′) > 0, then Γ,∆ are ME.
Corollary 2.10. Let Γ be a countable group and consider a free mea-
sure preserving action of Γ on (X,µ) with associated equivalence relation
F = EXΓ . If E ⊆ F is ergodic, treeable and there are S, S ′ ∈ [F ] such
that infγ∈Γ ϕE(SγS ′) > 0, then Γ has the Haagerup Approximation Property
(HAP).
Proof. By Hjorth [H3], E is given by a free action of a group ∆. Then
∆ has the HAP (see, e.g., Gaboriau [G2]), and by 2.8 Γ,∆ are ME, so Γ has
the HAP (see, again Gaboriau [G2]). a
Below, for an equivalence relation F , we denote by [[F ]] the set of measure
preserving bijections θ : dom(θ)→ rng(θ) with dom(θ), rng(θ) Borel sets and
θ(x)F (x), for almost all x ∈ dom(θ).
Lemma 2.11. Let F be a countable, measure preserving, ergodic equivalence
relation on (X,µ) and let E ⊆ F . Let X∞ = {x ∈ X : [x]E is infinite}.
Assume that there is an E-invariant Borel set A of positive measure such
that F |A = E|A (and thus A ⊆ X∞). Then for every  > 0, there is
θ ∈ [[F ]] with µ(dom(θ)) <  such that if E ∨ θ is the subequivalence relation
generated by E and θ, then (E ∨ θ)|X∞ = F |X∞, a.e. So if in addition E is
aperiodic (i.e., X∞ = X), then E ∨ θ = F , a.e.
Moreover, if F is given by an action of a finitely generated group Γ
and {γ1, γ2, . . . , γn} is a set of generators for Γ, then there are Borel sets
B1, . . . , Bn with µ(Bi) < ,∀i ≤ n, such that if E ′ = E ∨ γ1|B1 ∨ · · · ∨ γn|Bn,
then E ′|X∞ = F |X∞.
Proof. Consider the ergodic decomposition of E, as in the proof of 2.6,
whose notation we keep below.
Since µ(A) > 0 and E|A is ergodic, it follows that the measure µ∗ has
atoms, and A = Xe0 , for some atom e0 of µ∗. Let E0 be the set of atoms of
µ∗, E1 = {e ∈ E \ E0 : e is non-atomic} and E2 = E \ (E0 ∪ E1) = {σ ∈ E : e
is atomic}. Note that XE2 =
⋃
e∈E2 Xe = Xfin = X \ X∞. We can clearly
assume that µ∗(E \ (E2 ∪ {e0})) > 0, otherwise there is nothing to prove.
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Fix now µ(Xe0) >  > 0. If e 6∈ E2, then e is not atomic, so we can
find Ye ⊆ Xe a Borel set with e(Ye) = /2. Then, by ergodicity, Ye meets
every E|Xe-class. Let Y =
⋃
e6∈E2,e 6=e0 Ye, so that 0 < µ(Y ) < . Then
there is θ ∈ [[F ]], with dom(θ) = Y, rng(θ) ⊆ Xe0 . We claim that if E¯ =
E∨θ, E¯|X∞ = F |X∞. To see this note that if y ∈ Xe for some e 6∈ E2, e 6= e0,
then there is z ∈ Ye with yEz. Thus yE¯θ(z) ∈ Xe0 . So every y ∈ X∞ is
E¯-equivalent to an element of Xe0 . Since E|Xe0 = F |Xe0 , we are done.
For the last assertion, decompose dom(θ) = Y into countably many
Borel sets of positive measure {Ym}∞m=1, so that there are words {wm}∞m=1 in
{γ1, . . . , γn} with θ|Ym = wm|Ym. Say wm has length km. Then find a Borel
set Zm ⊆ Ym such that µ(Zm) < 1kmµ(Ym) and for every e 6∈ E2, e 6= e0, if
e(Ym ∩Xe) > 0, then e(Zm ∩Xe) > 0 (again ignoring null sets for µ∗). Let
Z =
⋃
m Zm, so that e(Z ∩ Xe) > 0, for each e 6= E2, e 6= e0. Let θ′ = θ|Z.
Then as before (E ∨ θ′)|X∞ = F |X∞. Note now that if wm = γ±1i1 γ±1i2 . . . γ±1km ,
then θ|Zm = θ′|Zm is a composition of γ±1ikm |Zm, γ
±1
ikm−1
|γ±1ikm (Zm), . . . Thus
graph(θ|Zm) ⊆ γ1|B(m)1 ∨· · ·∨γn|B(m)n = the equivalence relation generated by
γi|B(m)i , 1 ≤ i ≤ n, where B(m)i are Borel sets with µ(B(m)i ) ≤ km· 1km ·µ(Ym) =
µ(Ym),∀i ≤ n. Let Bi =
⋃
mB
(m)
i . Then µ(Bi) ≤
∑
m µ(Ym) <  and
E ∨ θ′ ⊆ E ′, so E ′|X∞ = F |X∞. a
Remark 2.12. In the notation of 2.11, it is clear that, under the same
hypothesis, if E is also ergodic, then E = F .
Below we denote by Cµ(E) the cost of the countable, measure preserving
equivalence relation E on (X,µ) (see Gaboriau [G1] or Kechris-Miller [KM]).
Corollary 2.13. Let Γ be a countable group and consider a measure pre-
serving, ergodic action of Γ on (X,µ) with associated equivalence relation
F = EΓX . Let E ⊆ F be a subequivalence relation. If E is aperiodic and for
some S, S ′ ∈ [F ], infγ∈Γ ϕE(SγS ′) > 12 , then Cµ(F ) ≤ Cµ(E).
Proof. By 2.11 and 2.5. a
The following gives a quantitative version of (part of) 2.5.
Lemma 2.14. Let F be a measure preserving, ergodic equivalence relation on
(X,µ) and E ⊆ F a subequivalence relation. Assume that ∀S ∈ [F ](ϕE(S) >
0). Then there is an E-invariant Borel set A of positive measure such that
E|A = F |A. Moreover, for some S ∈ [F ], {x : S(x)Ex} ⊆ A, so that
µ(A) ≥ ϕE(S).
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Proof. Consider the ergodic decomposition of E as in the proof of 2.6,
whose notation we keep below.
Claim. µ∗ has atoms, i.e., E0 6= ∅.
Proof. If µ∗ is non-atomic, fix A∗ ⊆ E with µ∗(A∗) = 12 . If Σ−1(A∗) = A,
then µ(A) = 1
2
and A is E-invariant. Let T ∈ [F ] be such that T (A) =∼ A.
Then ϕE(T ) = 0, a contradiction.
If e ∈ E0, then µ(Xe) > 0. If for all e ∈ E0, E|Xe 6= F |Xe, then as E|Xe is
ergodic, we can find ϕe ∈ [F |Xe] such that ¬ ϕe(x)Ex,∀x ∈ Xe (see Remark
2.1). If also µ∗(∼ E0) > 0, then we can split ∼ E0 into two pairwise disjoint
sets of equal measure and thus split ∼ XE0 =∼
⋃
e∈E0 Xe, into two sets of
equal measure X1, X2 which are E-invariant. Then let T1 ∈ [F ] be such
that T1(X1) = X2, T1(X2) = X1. Then ¬ T1(x)Ex for x 6∈ XE0 . If T ∈ [F ]
is defined by T = (
⋃
e∈E0 ϕe) ∪ (T1| ∼ XE0), then clearly ¬ T (x)Ex,∀x, a
contradiction.
Thus we see that there must be some atom e of µ∗ with E|Xe = F |Xe.
Enumerate in a sequence (finite or infinite) {e0, e1, . . . } all elements e
of E0 such that E|Xe = F |Xe in such a way that µ(Xei) ≥ µ(Xei+1). Put
A = Xe0 . Let Y =
⋃
iXei , Z =∼ Y . We have seen that there is S1 ∈
[F |Z] with ¬ S1(z)Ez,∀z ∈ Z. Let for n ≥ 0, θn+1 ∈ [[F ]] be such that
dom(θn+1) = Xen+1 , rng(θn+1) ⊆ Xen , and let θ∗ =
⋃
n≥0 θn, so that θ
∗ :⋃
i>0Xei →
⋃
iXei , θ
∗ ∈ [[F ]] and ¬ θ∗(x)Ex. Let θ∗∗ ∈ [[F ]] be such that
dom(θ∗∗) = Xe0 and rng(θ
∗∗) =
⋃
iXei \ θ∗(
⋃
i>0Xei). Put S2 = θ
∗ ∪ θ∗∗, so
that S2 ∈ [F |Y ] and ¬ S2(y)Ey, if y 6∈ Xe0 . Then if S = S1 ∪ S2, S ∈ [F ]
and {x : S(x)Ex} ⊆ Xe0 = A. a
Corollary 2.15. Let Γ be a countable group and consider a measure pre-
serving, ergodic action of Γ on (X,µ) with associated equivalence relation
F = EXΓ . Let E ⊆ F be a subequivalence relation. If ϕ0E = infγ∈Γ ϕE(γ) > 34 ,
then there is an E-invariant Borel set A with E|A = F |A such that µ(A) ≥
4ϕ0E − 3.
Proof. By 2.14 and 2.7. a
3 Epstein’s co-inducing construction
(A) We will next study some properties of a co-inducing construction of
Epstein [E].
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We first describe this construction. Fix a standard measure space (X,µ),
a countable, measure preserving equivalence relation F on (X,µ) and a
subequivalence relation E ⊆ F such that there is a fixed number N ∈
{1, 2, 3, . . . ,ℵ0} of E-classes in each F -class. This is the case, for exam-
ple, if F is ergodic. Fix choice functions {Cn}n∈N , where we identify N here
with {0, 1, . . . , N − 1}, if N is finite, and with N if it is infinite, as in Section
2, (A), and let pi : F → SN (= the symmetric group of N) be the index
cocycle given by the formula:
pi(x, y)(k) = n⇔ [Ck(x)]E = [Cn(y)]E.
Now assume that E as above is induced by a free action a0 of a countable
group ∆. Then we can define δ¯ : F → ∆N by
δ¯(x, y)n · Cpi(x,y)−1(n)(x) = Cn(y).
The group SN of permutations of N acts on ∆
N by shift (pi · δ¯)n = δ¯pi−1(n),
so we can consider the semi-direct product SN n ∆N , whose multiplication
is defined by:
(pi1, δ¯1)(pi2, δ¯2) = (pi1pi2, δ¯1(pi1 · δ¯2)).
It is easy to check that
ρ(x, y) = (pi(x, y), δ¯(x, y))
is a Borel cocycle
ρ : F → SN n∆N .
Now given any measure preserving action a of ∆ on a standard mea-
sure space (Y, ν), we can define a measure preserving action of SN n∆N on
(Y N , νN) by
((pi, δ¯) · y¯)n = δ¯n · y¯pi−1(n).
Then we can define a near-action of [F ] on (X×Y N , µ×νN), i.e., a continuous
homomorphism of [F ], with the uniform topology, into the automorphism
group Aut(X × Y N , µ× νN), with the weak topology, by letting S ∈ [F ] act
on X × Y N as a skew product via ρ, namely
S · (x, y¯) = (S(x), ρ(x, S(x)) · y¯)
= (S(x), (n 7→ δ¯(x, S(x))n · y¯pi(x,S(x))−1(n))).
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(For information about near-actions, see Glasner-Tsirelson-Weiss [GTW],
and concerning the uniform and weak topologies, see Kechris [K].)
In particular, if c0 is a measure preserving action of a countable group Λ
on (X,µ) with EXΛ ⊆ F , then λ ∈ Λ gives rise to an element x 7→ λ ·x of [F ],
so we can define
pi(λ, x) = pi(x, λ · x), δ¯(λ, x) = δ¯(x, λ · x),
ρ(λ, x) = (pi(λ, x), δ¯(λ, x))
and then ρ : Λ×X → SNn∆N is a Borel cocycle. The restriction of the near
action of [F ] on (X × Y N , µ× νN) gives then a measure preserving action of
Λ on (X × Y N , µ× νN), which is the skew product
c = c0 nρ (Y N , µN)
defined by
λ · (x, y¯) = (λ · x, ρ(λ, x) · y¯)
= (λ · x, (n 7→ δ¯(λ, x)n · y¯pi(λ,x)−1(n)).
Fix now a Borel action b0 of a countable group Γ on (X,µ) with F = E
X
Γ .
Then applying the above to Λ = Γ, c0 = b0, we associate to each measure
preserving action a of ∆ on (Y, ν) a measure preserving action b of Γ on
(X × Y N , µ × νN), relative to the fixed pair (a0, b0) of the actions of Γ,∆,
resp., on X (and the choice of {Cn} – but it is not hard to check that this
action is independent of the choice of {Cn}, up to isomorphism). We call
this the co-induced action of a, modulo (a0, b0), in symbols:
b = CInd(a0, b0)
Γ
∆(a).
We can view this as an operation from the space A(∆, Y, ν) of measure pre-
serving actions of ∆ on (Y, ν) (see, e.g., Kechris [K]) to the space A(Γ, X ×
Y N , µ× νN).
By applying the preceding to Λ = ∆, c0 = a0, we also have a measure
preserving action a′ of ∆ on (X × Y N , µ × νN). Clearly this action gives a
subequivalence relation of the equivalence relation given by b. We note that
b0 is a factor of b via (x, y¯) 7→ x, a is a factor of a′ via (x, y¯) 7→ y¯0 (recall here
that C0(x) = x, so that pi(γ, x)(0) = 0 iff γ · xEx) and finally a0 is a factor
of a′ via (x, y¯) 7→ x. In particular, if b0 is free, so is b, and a′ is always free.
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Finally, for further reference, we note that the map a 7→ CInd(a0, b0)Γ∆(a)
is a continuous map from A(∆, Y, ν) to A(Γ, X × Y N , µ× νN), where each is
equipped with the weak topology (see Kechris [K] for its definition).
(B)We will now study some connections between ergodicity properties of
an action and its co-induced action. In the notation of (A), if a0 is ergodic
we can choose the choice functions to be 1-1 and it will be assumed in this
case that the co-inducing construction is done with such choice functions.
Proposition 3.1. In the notation of (A) above, if b0 is free, mixing and a0
is ergodic, then
a is mixing ⇒ b = CInd(a0, b0)Γ∆(a) is mixing.
Proof. Assume that b0, a are mixing, b0 is free, and a0 is ergodic and
consider the action b of Γ on (X × Y N , µ × νN). Then Γ acts on L2(X ×
Y N , µ× νN) by γ · f(x, y¯) = f(γ−1 · (x, y¯)) and it is enough to show that for
f, g ∈ L2(X×Y N , µ×νN), ∫ (γ−1 ·f)g → (∫ f)(∫ g) as γ →∞. Without loss
of generality, we can assume that f(x, y¯) = f0(x)F0(y¯0) . . . Fm(y¯m), g(x, y¯) =
g0(x)G0(y¯0) . . . Gm(y¯m), for bounded f0, g0 : X → C, Fi, Gi : Y → C. Note
that since b0 is mixing,
∫
f0(γ · x)g0(x)dµ(x)→ (
∫
f0)(
∫
g0). Now we have∫
(γ−1 · f)g =
∫
f0(γ · x)g0(x)[
∫ m∏
i=0
Fi(δ¯(γ, x)i · y¯pi(γ,x)−1(i))Gi(y¯i)dy¯]dx.
Note that if {qn}, qn : Z → C, {rn}, rn : Z → C, are uniformly bounded,
where Z is a probability space, qn(z)→ a,∀z, and
∫
rn → b, then∫
qn(z)rn(z) =
∫
(qn(z)− a)rn(z) + a
∫
rn(z)→ ab,
by Lebesgue Dominated Convergence. So it is enough to show that for each
fixed x ∈ X,∫ [ m∏
i=0
Fi(δ¯(γ, x)i · y¯pi(γ,x)−1(i))Gi(y¯i)
]
dy¯ →
m∏
i=0
(∫
Fi
)(∫
Gi
)
, (∗)
as γ →∞.
Fix then x ∈ X and put
Sγ = {(i, pi(γ, x)−1(i)) : i ≤ m,pi(γ, x)−1(i) ≤ m}.
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For each S ⊆ {0, . . . ,m}2, let
ΓS = {γ ∈ Γ : Sγ = S}.
Then Γ =
⊔
S ΓS is a finite partition of Γ, so it is enough to show that for
each fixed S, with ΓS infinite, (∗) holds as γ →∞, γ ∈ ΓS.
For such S and γ ∈ ΓS, let
Iγ = {i ≤ m : pi(γ, x)−1(i) ≤ m}
and let
ργ(i) = pi(γ, x)
−1(i),
for i ∈ Iγ. Thus graph(ργ) = S.
Then∫ [
(
m∏
i=0
Fi(δ¯(γ, x)i · y¯pi(γ,x)−1(i))Gi(y¯i)
]
dy¯
=
∫ ∏
i∈Iγ
Fi(δ¯(γ, x)i · y¯ργ(i))Gργ(i)(y¯ργ(i))

∏
i6∈Iγ
Fi(δ¯(γ, x)i · y¯pi(γ,x)−1(i))
∏
i6∈ργ(Iγ)
Gi(y¯i)
 dy¯.
Noticing that if i 6∈ Iγ, i ≤ m, then pi(γ, x)−1(i) > m, so that
ργ(Iγ), {pi(γ, x)−1(i) : i 6∈ Iγ}, {0, . . . ,m} \ ργ(Iγ)
are pairwise disjoint, and applying independence, we see that the above in-
tegral is equal to∏
i6∈Iγ
∫
Fi
 ∏
i6∈ργ(Iγ)
∫
Gi
 ∫ ∏
i∈Iγ
Fi(δ¯(γ, x)i · y¯ργ(i))Gργ(i)(y¯ργ(i)))dy¯
 .
Thus for each i ∈ Iγ, if j = ργ(i), it is enough, by independence again, to
show that
lim
γ∈ΓS ,γ→∞
∫
Fi(δ¯(γ, x)i · y¯j)Gj(y¯j)dy¯ =
(∫
Fi
)(∫
Gj
)
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or equivalently∫
Fi(δ¯(γ, x)i · y)Gj(y)dy →
(∫
Fi
)(∫
Gj
)
as γ → ∞, γ ∈ ΓS. Using that the action a of ∆ on Y is mixing, it is then
enough to show that for each i,
γ →∞⇒ δ¯(γ, x)i →∞.
Otherwise, there is a finite K ⊆ ∆ such that for infinitely many γ ∈
Γ, δ¯(γ, x)i ∈ K. Now δ¯(γ, x)i · Cj(x) = Ci(γ · x), so Ci(γ · x) takes only
finitely many values for infinitely many γ ∈ Γ, contradicting the fact that
the Γ-action on X is free and Ci is 1-1. a
There is another condition, concerning the “smallness” of E in F , that
actually guarantees that the co-induced action b is mixing for any a (mixing
or not).
In the context of (A), let for each γ ∈ Γ, k, n ∈ N ,
Ak,nE (γ) = {x : pi(γ, x)(k) = n}.
= {x : Ck(x)ECn(γ · x)}.
Thus A0,0E (γ) = {x : γ · xEx}. Put
ϕk,nE (γ) = µ(A
k,n
E (γ)).
Clearly ϕ0,0E = ϕE.
Lemma 3.2. If ϕE(γ) → 0 as γ → ∞, then for any k, n, ϕk,nE (γ) → 0 as
γ →∞.
Proof. We have ϕk,nE (γ) = µ({x : Ck(x)ECn(γ · x)}). Put S = Ck, T =
Cn. There is a partition X =
⊔
i∈NAi, and γi ∈ Γ such that S =
⊔
i γi|Ai.
Similarly there is a partitionX =
⊔
j∈NBj and δj ∈ Γ such that T =
⊔
j δj|Bj.
Assume ϕE(γ) → 0 as γ → ∞, and let  > 0. We will find a finite
set F ⊆ Γ such that for γ 6∈ F, ϕk,nE (γ) < . First find J0 such that∑
j≥J0 µ(Bj) < /3. Then fix I0 such that
∑
i≥I0 µ(Ai) < /3|J0|. Since
for each i, j, γiγ
−1δj → ∞ as γ → ∞, there is a finite set F ⊆ Γ such that
for γ 6∈ F,∑i<I0,j<J0 ϕE(γiγ−1δ−1j ) < /3. We show that if γ 6∈ F , then
ϕk,nE (γ) < .
25
We have for any γ:
ϕk,nE (γ) = µ({x : S(x)ET (γ · x)})
=
∑
i,j
µ({x : x ∈ Ai ∧ x ∈ γ−1 ·Bj ∧ γi · xEδjγ · x})
=
∑
i,j
µ({x : γ−1δ−1j · x ∈ Ai ∧ γ−1δ−1j · x ∈ γ−1 ·Bj
∧ γiγ−1δ−1j · xEx})
=
∑
i,j
µ({x : γ−1δ−1j · x ∈ Ai ∧ δ−1j · x ∈ Bj
∧ γiγ−1δ−1j · xEx}).
Let
A
(γ)
i,j = {x : γ−1δ−1j · x ∈ Ai ∧ δ−1j · x ∈ Bj}.
Then
µ(A
(γ)
i,j ) = µ({x : γ−1 · x ∈ Ai ∧ x ∈ Bj})
= µ({x : x ∈ Ai ∧ γ · x ∈ Bj}),
so
∑
j≥J0
∑
i µ(A
(γ)
i,j ) =
∑
j≥J0 µ(Bj) < /3. Also
∑
j<J0
∑
i≥I0 µ(A
(γ)
i,j ) ≤∑
j<J0
∑
i≥I0 µ(Ai) < /3. So it follows that
ϕk,nE (γ) ≤ [
∑
i<I0
∑
j<J0
ϕE(γiγ
−1δ−1j )] + 2/3,
thus if γ 6∈ F ,
ϕk,nE (γ) < .
a
We denote below by i the trivial action of ∆ on (Y, ν) : δ · y = y. We now
have:
Theorem 3.3. In the notation of (A) above, and assuming that b0 is mixing,
the following are equivalent:
(i) ϕE(γ)→ 0 as γ →∞,
(ii) CInd(a0, b0)
Γ
∆(i) is mixing,
(iii) ∃a ∈ A(∆, Y, ν) (a is not ergodic and CInd(a0, b0)Γ∆(a) is mixing),
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(iv) ∀a ∈ A(∆, Y, ν)(CInd(a0, b0)Γ∆(a) is mixing).
Proof. Clearly (ii) ⇒ (iii) and (iv) ⇒ (ii).
(i) ⇒ (iv): By 3.2 we have that ϕk,nE (γ) → 0,∀k, n. Then going over
the proof of 3.1 and keeping its notation, we see that for x 6∈ ⋃1≤i,j≤m{x :
pi(γ, x)−1(i) = j} = ⋃1≤i,j≤mAj,iE (γ) = A(m)E (γ),∫
[
m∏
i=0
Fi(δ¯(γ, x)i · y¯pi(γ,x)−1(i))Gi(y¯i)]dy¯ =
m∏
i=1
(
∫
Fi)(
∫
Gi),
by independence. Thus, for some bounded H(x),∫
(γ−1 · f)g =
∫
A
(m)
E (γ)
H(x)dx+
∫
∼A(m)E (γ)
f0(γ · x)g0(x)[
m∏
i=0
(
∫
Fi)(
∫
Gi)]dx
→ (
∫
f)(
∫
g)
as γ →∞, since µ(A(m)E (γ))→ 0 and b0 is mixing.
(iii)⇒ (i): Fix such an action a and a set B ⊆ Y with 0 < p = µ(B) < 1,
which is invariant under this action. We will show that ϕE(γ) → 0. Put
B(0) = {(x, y¯) : y¯0 ∈ B}. Since the co-induced action is mixing, we have
that (µ × νN)(γ · B(0) ∩ B(0)) → (µ × νN)(B(0)) · (µ × νN)(B(0)) = p2.
Now γ · B(0) = {γ · (x, y¯) : (x, y¯) ∈ B(0)} = {γ · (x, y¯) : y¯0 ∈ B}, so
γ ·B(0)∩B(0) = {γ · (x, y¯) : y¯0 ∈ B∧ (ρ(γ, x) · y¯)0 ∈ B} = {γ · (x, y¯) : y¯0 ∈ B∧
δ¯(γ ·x)0 · y¯pi(γ,x)−1(0) ∈ B} = {γ ·(x, y¯) : y¯0 ∈ B∧ y¯pi(γ,x)−1(0) ∈ B} = {γ ·(x, y¯) :
pi(γ, x)(0) = 0∧y¯0 ∈ B}∪{γ·(x, y¯) : pi(γ, x)(0) 6= 0∧y¯0 ∈ B∧y¯pi(γ,x)−1(0) ∈ B}.
So, by Fubini,
(µ× νN)(γ ·B(0) ∩B(0)) = µ(A0,0E (γ)) · µ(B) + (1− µ(A0,0E (γ)) · µ(B)2
= pµ(A0,0E (γ)) + p
2(1− µ(A0,0E (γ))).
Since (µ× νN)(γ ·B(0) ∩B(0))→ p2 and 0 < p < 1, µ(A0,0E (γ)) = ϕE(γ)→ 0.
a
It follows that if for some k, n, ϕk,nE (γ) 6→ 0, as γ →∞, then for every a ∈
A(∆, Y, ν), if CInd(a0, b0)
Γ
∆(a) is mixing, then a is ergodic. By strengthening
the hypothesis, we can obtain the following stronger conclusion.
Proposition 3.4. In the notation of (A) above, if for some k, n, we have
infγ∈Γ ϕ
k,n
E (γ) > 0, then for any a ∈ A(∆, Y, ν), if b = CInd(a0, b0)Γ∆(a) is
ergodic, then a is ergodic.
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Proof. Assume that a is not ergodic, in order to show that b is not
ergodic. Let f ∈ L20(Y ) = {f ∈ L2(Y ) :
∫
f = 0} be real such that ‖f‖2 = 1
and δ · f = f,∀δ ∈ ∆. Let f (k), f (n) ∈ L20(X×Y N) be defined by f (k)(x, y¯) =
f(y¯k), f
(n)(x, y¯) = f(y¯n). Then for the Γ-action on L
2
0(X × Y N),
〈γ−1 · f (n), f (k)〉 =
∫∫
f (n)(γ · (x, y¯))f (k)(x, y¯)dxdy¯
=
∫∫
f (n)(γ · x, (n 7→ δ¯(γ, x)n · y¯pi(γ,x)−1(n)))f (k)(x, y¯)dxdy¯
=
∫∫
f(δ¯(γ, x)n · y¯pi(γ,x)−1(n))f(y¯k)dxdy¯
=
∫
Ak,nE (γ)
[∫
f(δ¯(γ, x)n · y¯k)f(y¯k)dy¯
]
dx
+
∫
∼Ak,nE (γ)
[∫
f(δ¯(γ, x)n · y¯pi(γ,x)−1(n))f(y¯k)dy¯
]
dx
=
∫
Ak,nE (γ)
(∫
f 2
)
dx+
∫
∼Ak,nE (γ)
(∫
f
)2
dx
= µ(Ak,nE (γ)) = ϕ
k,n
E (γ).
Thus for some c > 0, 〈γ−1 · f (n), f (k)〉 ≥ c > 0. If K is the closed convex
hull of {γ · f (n) : γ ∈ Γ}, then 〈ξ, f (k)〉 ≥ c, ∀ξ ∈ K, so 0 6∈ K. If ξ1 is the
unique element of least norm in K, clearly 0 6= ξ1 ∈ L20(X × Y N), and ξ1 is
Γ-invariant, so the action b is not ergodic. a
Let b0 be a free action of a countable group Γ on (X,µ) and let a0 be a
free action of a countable group ∆ on (X,µ), so that E = EX∆ ⊆ F = EXΓ .
If there exist S, S ′ ∈ [F ] with infγ∈Γ ϕE(SγS ′) > 0, then, by 2.9, Γ,∆ are
ME. In particular, if a0 is ergodic, so that we can take the choice functions
{Cn} to be in [F ], we note that ϕk,nE (γ) = µ({x : Ck(x)ECn(γ · x)}) = µ({x :
CnγC
−1
k (x)Ex}) = ϕE(CnγC−1k ), thus we have:
Corollary 3.5. Let b0 be a free measure preserving action of Γ on (X,µ)
and let a0 be a free, ergodic action of ∆ on (X,µ) with E = E
X
∆ ⊆ F = EXΓ .
If for some k, n, infγ∈Γ ϕ
k,n
E (γ) > 0, then Γ,∆ are ME. In particular, Γ has
property (T) (resp., HAP) iff ∆ has property (T) (resp., HAP).
Remark 3.6. In the context of 3.5, when b0 is also mixing and Γ does not
have the HAP, one can show that ∆ does not have the HAP by the following
alternative argument, which may be of some independent interest.
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We will use the following characterization of groups with HAP, see Kechris
[K], 12.7. Below ERG(Γ, X, µ) is the set of ergodic actions of Γ on (X,µ),
and MIX(Γ, X, µ) the set of mixing actions. We consider these as subspaces
of the space of actions A(Γ, X, µ) with the weak topology.
Theorem 3.7. Let Γ be an infinite countable group. Then the following are
equivalent:
(i) Γ does not have the HAP,
(ii) MIX(Γ, X, µ) ⊆ ERG(Γ, X, µ).
Consider now the continuous map
a ∈ A(∆, Y, ν) 7→ b(a) ∈ A(Γ, X × Y N , µ× νN),
where b(a) = CInd(a0, b0)
Γ
∆(a). Then we have, by 3.1,
a is mixing ⇒ b(a) is mixing
and, by 3.4,
b(a) is ergodic ⇒ a is ergodic.
Let C = {a ∈ A(∆, Y, ν) : b(a) ∈ MIX(Γ, X × Y N , µ× νN)}. Then C is
closed and MIX(∆, Y, ν) ⊆ C. So MIX(∆, Y, ν) ⊆ C. If a ∈ C, then b(a) ∈
MIX(Γ, X × Y N , µ× νN) ⊆ ERG(Γ, X×Y N , µ×νN). So a ∈ ERG(∆, Y, ν),
i.e., MIX(∆, Y, ν) ⊆ ERG(∆, Y, ν), and thus ∆ does not have the HAP.
(C) Let Γ be an infinite countable group and let b0 be a free mixing
action of Γ on (X,µ). It is well-known that there is a free, mixing action a0
of Z on (X,µ) such that E = EXZ ⊆ F = EXΓ . We will construct below a0 so
that moreover ϕE(γ)→ 0 as γ →∞. Then by 3.3, for every action a of Z on
(Y, ν), the action CInd(a0, b0)
Γ
Z(a) is mixing, which produces a large supply
of seemingly new free, mixing actions of Γ.
Theorem 3.8. Let Γ be an infinite countable group and let b0 be a free,
measure preserving, mixing action of Γ on (X,µ). Then there is a free,
measure preserving, mixing action a0 of Z on (X,µ) with E = EXZ ⊆ F = EXΓ
and ϕE(γ)→ 0 as γ →∞.
Proof. We will use the following two lemmas.
Lemma 3.9. Let Γ be an infinite countable group. Then there exists a
positive, symmetric function f ∈ c0(Γ) \ `1(Γ) such that whenever S ⊆ Γ
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and
∑
γ∈S f(γ) < ∞, then for any δ1, δ2 ∈ Γ,
∑
γ∈S f(δ1γδ2) < ∞ (i.e., the
summable ideal associated to f is two-sided invariant).
Proof. Fix a sequence {Qn}n≥0 of finite, symmetric subsets of Γ with
Q0 = {1}, Qn ⊆ Qn+1, Qn+1 \ (Qn)n 6= ∅ and
⋃
nQn = Γ. Let |γ| = min{n :
γ ∈ (Qn)n} (this is motivated by an idea in Struble [ST]). Note that |γ| =
|γ−1| and |γδ| ≤ |γ| + |δ|, so |γδ| ≥ | |γ| − |δ| |, for any γ, δ ∈ Γ. Put now
f(γ) = 1|γ|+1 . Then clearly f ∈ c0(Γ) and for every n, there is γ ∈ Γ with
|γ| = n + 1, so f 6∈ `1(Γ). Fix now S ⊆ Γ with ∑γ∈S f(γ) < ∞. For δ ∈ Γ,
let |δ| = c, and notice that∑
γ∈S
f(γδ) =
∑
γ∈S
1
|γδ|+ 1 ≤
∑
{γ:|γ|≤c}
1
|γδ|+ 1 +
∑
{γ∈S:|γ|>c}
1
|γ| − c+ 1
≤
∑
{γ:|γ|≤c}
1
|γδ|+ 1 +
∑
γ∈S
c+ 1
|γ|+ 1 <∞.
Similarly,
∑
γ∈S f(δγ) <∞ and we are done. a
Consider now the given free, measure preserving, mixing action b0 of Γ
on (X,µ) with F = EXΓ the associated equivalence relation.
Lemma 3.10. Let f be as in Lemma 3.9. Let R ⊆ F be a finite subequiva-
lence relation with uniformly bounded size of its equivalence classes, and let
A,B ⊆ X be disjoint with µ(A) = µ(B) and such that A ∪ B is a section
of R (i.e., no two distinct members of A ∪ B belong to the same R-class).
Suppose also that ϕR(γ) ≤ f(γ),∀γ ∈ Γ. Then there exists θ ∈ [[F ]] with
dom(θ) = A, rng(θ) = B such that
ϕR∨θ(γ) ≤ f(γ),∀γ ∈ Γ. (1)
Proof. Let T ∈ [F ] generate R and let N be such that TN = 1. Notice
that for any θ ∈ [[F ]] with dom(θ) ⊆ A, rng(θ) ⊆ B we have
ϕR∨θ(γ) ≤ ϕR(γ) +
N∑
i,j=1
µ({x : T iθT j(x) = γ · x})
+
N∑
i,j=1
µ({x : T iθ−1T j(x) = γ · x}).
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Let θ ∈ [[F ]] be maximal (under inclusion) with dom(θ) ⊆ A, rng(θ) ⊆ B
satisfying (1). We will show that this works, i.e., dom(θ) = A, rng(θ) = B.
Otherwise, A1 = A \ dom(θ), B1 = B \ dom(θ) have positive measure.
For ρ ∈ [[F ]], γ ∈ Γ let
sγ(ρ) =
N∑
i,j=1
µ({x : T iρT j(x) = γ · x})
+
N∑
i,j=1
µ({x : T iρ−1T j(x) = γ · x}),
and put
S = {γ : ϕR(γ) + sγ(θ) ≥ f(γ)}.
Let then K ⊆ Γ be finite, symmetric such that µ(⋃i{x : T i(x) 6∈ K · x}) <
µ(A1)2
4
, and put S ′ = KSK ∪KS−1K.
Claim.
∑
γ∈S f(γ) <∞.
Proof. First notice that
∑
γ∈Γ ϕR(γ) =
∑
γ∈Γ µ({x : ∃i ≤ N(T i(x) =
γ · x)}) ≤ ∑i≤N∑γ∈Γ µ({x : T i(x) = γ · x}) ≤ N , as the sets {x : T i(x) =
γ · x}, γ ∈ Γ, are pairwise disjoint by the freeness of the action. Similarly∑
γ∈Γ sγ(θ) ≤ 2N2, since the sets {x : T iθT j(x) = γ · x}, γ ∈ Γ, are pairwise
disjoint. Thus
∑
γ∈S f(γ) ≤
∑
γ∈S ϕR(γ) +
∑
γ∈S sγ(θ) <∞.
So by Lemma 3.9,
∑
γ∈S′ f(γ) <∞ and hence Γ \S ′ is infinite. Since the
action is mixing, there is γ0 ∈ Γ\S ′ such that µ(γ0 ·A1∩B1) ≥ (3/4)µ(A1)2.
Then
(Kγ0K ∪Kγ−10 K) ∩ S = ∅.
Put
D = (A1 ∩ γ−10 (B1)) \ (
⋃
i
{x : T i(x) 6∈ K · x} ∪ γ−10 ·
⋃
i
{x : T i(x) 6∈ K · x}).
Then µ(D) ≥ (3/4)µ(A1)2 − (2/4)µ(A1)2 > 0. Also for any i, j,
T i(γ0|D)T j(x) ∈ Kγ0K · x,
if the left-hand side is defined. Indeed for such x, T j(x) ∈ D, so x =
TN−jT j(x) ∈ K ·T j(x) and T iγ0T j(x) ∈ K ·γ0T j(x). Thus T j(x) ∈ K ·x and
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T iγ0T
j(x) ∈ Kγ0K ·x. Similarly T i(γ−10 |γ0(D))T j(x) ∈ Kγ−10 K ·x, whenever
the left-hand side is defined. In particular,
T i(γ0|D)T j(x), T i(γ−10 |γ0(D))T j(x)
are not in S · x, when they are defined. Take now D′ ⊆ D with
0 < µ(D′) ≤ min
γ∈Kγ0K∪Kγ−10 K
(f(γ)− ϕR(γ)− sγ(θ))/(2N2).
This makes sense as γ ∈ Kγ0K ∪Kγ−10 K implies γ 6∈ S, so f(γ)− ϕR(γ)−
sγ(θ) > 0. Let θ0 = γ0|D′ and θ′ = θ ∪ θ0. We claim that this contradicts
the maximality of θ. We need to verify that θ′ satisfies (1). Now
ϕR∨θ′(γ) ≤ ϕR∨θ(γ) +
N∑
i,j=1
µ({x : T iθ0T j(x) = γ · x}
+
N∑
i,j=1
µ({x : T i(θ0)−1T j(x) = γ · x}).
But if T iθ0T
j(x) = T i(γ0|D′)T j(x) = γ · x, then γ ∈ Kγ0K, so if {x :
T iθ0T
j(x) = γ · x} is not empty, then γ ∈ Kγ0K and similarly if {x :
T i(θ0)
−1T j(x) = γ ·x} is not empty, γ ∈ Kγ−10 K. Thus for any γ 6∈ Kγ0K ∪
Kγ−10 K,ϕR∨θ′(γ) ≤ ϕR∨θ(γ) ≤ f(γ) and for γ ∈ Kγ0K ∪Kγ−10 K,
ϕR∨θ′(γ) ≤ ϕR(γ) + sγ(θ) + 2
N∑
i,j=1
µ(D′)
≤ ϕR(γ) + sγ(θ) + 2N2f(γ)− ϕR(γ)− sγ(θ)
2N2
≤ f(γ),
so the proof of the lemma is complete. a
To complete the proof of the theorem, we follow the argument of [Z],
9.3.2 or [KM], 7.13, which shows how to construct an ergodic, hyperfinite
subequivalence relation E ⊆ F . That proof proceeds by constructing a
sequence of finite equivalence relations E1 ⊆ E2 ⊆ . . . each with classes
of bounded size such that E1 = equality and En+1 = En ∨ θn, where θn
is any θ ∈ [[F ]], with dom(θ) = An, rng(θ) = Bn, where An, Bn are some
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appropriately chosen Borel sets with µ(An) = µ(Bn) and An ∪ Bn a section
of En. Choose now f as in Lemma 3.9 and by Lemma 3.10 choose inductively
θn so that ϕEn+1(γ) = ϕEn∨θn(γ) ≤ f(γ),∀γ (we can of course assume that
f(1) = 1, so that ϕE1(γ) ≤ f(γ),∀γ). Then ϕE(γ) = limn→∞ ϕEn(γ) ≤ f(γ),
and thus ϕE(γ)→ 0 as γ →∞.
Finally note that, since by Dye’s Theorem all ergodic, hyperfinite equiv-
alence relations are isomorphic, we can find a free mixing action a0 of Z that
induces E. a
It is an old problem of Schmidt [S] to find out whether there exist infinite
countable groups Γ for which every ergodic action is mixing. One possible
approach towards showing the non-existence of such groups is the following.
Fix a free, mixing action b0 of a countable infinite group Γ on (X,µ). Then
there is a free, mixing action a0 of Z on (X,µ) such that E = EXZ ⊆ F = EXΓ .
There is a weakly mixing action a of Z on (Y, ν) which is not mixing. One
might hope that by constructing judiciously a0,CInd(a0, b0)
Γ
Z(a) might also
be weakly mixing but not mixing.
Consider now the case of non-amenable groups Γ. Gaboriau and Lyons
[GL] have shown that if Γ is a non-amenable group, there is a free, measure
preserving, mixing action b0 of Γ on (X,µ) and a free, measure preserving,
ergodic action of F2 = 〈a, b〉 on (X,µ) such that E = EXF2 ⊆ F = EXΓ . We
will show below that one can find such a pair of actions so that moreover
ϕE(γ)→ 0 as γ →∞.
Theorem 3.11 (with I. Epstein). Let Γ be a non-amenable countable
group. Then there is a free, measure preserving, mixing action b0 of Γ on
(X,µ) and a free, measure preserving, ergodic action a0 of F2 as (X,µ) with
E = EXF2 ⊆ F = EXΓ and ϕE(γ)→ 0 as γ →∞.
We will postpone the proof of this theorem until Section 4, (D), as it will
require some ideas from percolation on Cayley graphs.
(D) We will finally show how the combination of 3.11 and the work
of Epstein [E], who showed that any non-amenable countable group Γ has
uncountably many non-orbit equivalent free, measure preserving, ergodic ac-
tions, provides the following strengthening to a non-classification result and
also sharpens it by restricting to mixing actions.
Theorem 3.12 (with I. Epstein). Let Γ be a non-amenable countable
group. Then E0 can be Borel reduced to OE on the space of free, measure
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preserving, mixing actions of Γ and OE on this space cannot be classified by
countable structures.
Proof. We fix a free, measure preserving, mixing action b0 of Γ on (X,µ)
and a free, measure preserving, ergodic action a0 of F2 on (X,µ) with E =
EXF2 ⊆ F = EXΓ such that ϕE(γ) → 0. Then for any action a ∈ A(F2, Y, ν)
we have the co-induced action b = CInd(a0, b0)
Γ
F2
(a) ∈ A(Γ, Z, ρ), where
Z = X × Y N , ρ = µ × νN and the action a′ ∈ A(F2, Z, ρ), which gives a
subequivalence relation of that given by b. The action b is free and by 3.3 it
is mixing. Also a′ is free.
From Epstein [E], and the fact that in our case b is ergodic, we also have
the following additional properties:
(*) For any Borel homomorphism g : Y → Y¯ of a to a free action a¯ ∈
A(F2, Y¯ , ν¯), we have, letting f : Z → Y be defined by f(x, y¯) = y¯0:
ρ({z ∈ Z : ∃γ 6= 1(g ◦ f(γ · z) = g ◦ f(z))}) = 0.
(**) For every a′-invariant Borel set A ⊆ Z of positive measure, if ρA =
ρ|A
ρ(A)
, is the normalized restriction of ρ to A, f∗ρA = ν, thus a is a factor of
(a′|A, ρA).
Consider now the standard action of SL2(Z) on (T2, λ) with the usual
product measure λ, and fixing a copy of F2 of finite index in SL2(Z) let a¯0
be the restriction of this action to F2. We will use the following basic lemma
originally proved in Ioana [I], when F2 ≤ Γ, but realized to hold as well in
the more general case stated below in Epstein [E].
Lemma 3.13. Let Γ be a countable group and let {bi}i∈I be an uncountable
family of OE free, measure preserving, ergodic actions of Γ on (Z, ρ) such
that for each i ∈ I there is a free, measure preserving action a′i of F2 on
(Z, ρ) with the following two properties:
(i) Ea′i ⊆ Ebi (where Ec is the equivalence relation induced by an action
c),
(ii) There is a Borel homomorphism fi : Z → T2 of a′i to a¯0 such that
ρ({z : ∃γ 6= 1(fi(γ · z) = fi(z))}) = 0.
Then there is an uncountable J ⊆ I such that given any i, j ∈ J , there
are a′i, a
′
j-invariant Borel sets Ai, Aj of positive measure, so that the actions
a′i|Ai, a′j|Aj are isomorphic (with respect to the normalized measures ρAi , ρAj).
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Denote by Irr(F2,H) the Polish space of irreducible unitary representa-
tion of F2 on a separable, infinite-dimensional Hilbert space H (see, e.g., [K],
Appendix H). By a result of Hjorth [H1] (see also [K], Appendix H) there
is a conjugacy invariant dense Gδ set G(Γ,H) ⊆ Irr(F2,H) such that the
conjugacy action of the unitary group U(H) on G is turbulent. As a con-
sequence, if ∼= denotes isomorphism between representations, ∼= |G(Γ,H) is
not classifiable by countable structures.
Finally for each unitary representation pi of F2 on H denote by api the
corresponding Gaussian action of F2 (on a space (Ω, τ); see [K], Appendix
E). It has the following two properties:
(1) pi ∼= ρ⇒ api ∼= aρ,
(2) If κapi0 is the Koopman representation on L
2
0(Ω, τ) associated to api,
then pi ≤ κapi0 .
Given now any pi ∈ G(Γ,H), consider the (diagonal) product action
a(pi) = a¯0 × api on (T2 × Ω, λ × τ) = (Y, ν). Let then b(pi) ∈ A(Γ, Z, ρ)
be the co-induced action of a(pi) and a′(pi) the associated F2-action. Thus
pi 7→ b(pi) is a Borel function from G(Γ,H) into the space of free, measure
preserving, mixing actions of Γ on (Z, ρ). Put for pi, ρ ∈ G(Γ,H):
piRρ⇔ b(pi)OEb(ρ).
Then R is an equivalence relation on G(Γ, H) and pi ∼= ρ⇒ piRρ.
Claim. R has countable index over ∼=.
Granting this, the proof is completed as follows. First, to see that E0
can be Borel reduced to OE on the space of free, measure preserving, mixing
actions of Γ it is of course enough to show that it can be Borel reduced to R.
The equivalence relation R is analytic with meager classes (as each ∼=-class
in G(Γ,H) is meager in G(Γ,H), and every R-class contains only countably
many ∼=-classes), so R is meager and contains the equivalence relation ∼=
induced by the conjugacy action of U(H) on G(Γ,H) which has dense orbits
(being turbulent). Then E0 is Borel reducible to R by the argument in
Becker-Kechris [BK], 3.4.5.
To prove non-classification by countable structures, it is of course enough
to show that R has the same property. If this fails, towards a contradiction,
there is Borel F : G(Γ,H) → XL, where XL is the standard Borel space of
countable models of a countable language L, such that
piRρ⇔ F (pi) ∼= F (ρ),
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so that, in particular,
pi ∼= ρ⇒ F (pi) ∼= F (ρ).
But then, by turbulence, there is a comeager set A ⊆ G(Γ,H) and M0 ∈ XL
with
F (pi) ∼= M0,∀pi ∈ A.
Since every R-class is meager, there are R-inequivalent pi, ρ ∈ A, so that
F (pi) 6∼= F (ρ), a contradiction.
Proof of the claim. Assume, towards a contradiction, that there is an
uncountable family {pii}i∈I ⊆ G(Γ,H) of pairwise non-isomorphic represen-
tations such that if we put bi = b(pii), then {bi}i∈I are OE. Let a′i = a′(pii),
so that Ea′i ⊆ Ebi . Moreover if fi : Z → T2 is given by fi = g ◦ f , where
g : Y → T2 is the projection, then fi is a Borel homomorphism of a′i to a¯0
such that
ρ({z : ∃γ 6= 1(fi(γ · z) = fi(z))}) = 0
(by property (*) of the co-induced action mentioned earlier). So, by Lemma
3.13, there is an uncountable J ⊆ I such that given any i, j ∈ J , there
are a′i, a
′
j-invariant Borel sets Ai, Aj of positive measure, so that the actions
a′i|Ai, a′j|Aj are isomorphic. Note that we also have, by property (**) of the
co-induced action, that a(pii) = a¯0 × apii is a factor of a′i|Ai.
Fix any i0 ∈ J . Then for any j ∈ J , fixing Ai0 , Aj as above, pij ≤
κ
apij
0 ≤ κ
a0×apij
0 ≤ κ
a′j |Aj
0
∼= κa′i0 |Ai0 ≤ κa′i0 . This produces an uncountable
family {pij}j∈J of pairwise non-isomorphic irreducible subrepresentations of
κa
′
i0 , which is impossible. a
4 Percolation on Cayley graphs of groups
(A) Let Γ be a finitely generated group, Q = {γ1, . . . , γn} a set of generators
for Γ, and let GQ = 〈Γ,EQ〉 be the left Cayley graph of Γ, with respect to
Q, whose set of edges EQ consists of all {γ, γiγ}, 1 ≤ i ≤ n, γ ∈ Γ. (When
we deal with Cayley graphs, we always assume that 1 6∈ Q.) The group Γ
acts on Γ and thus on the Cayley graph by right translations: δ · {γ, γiγ} =
{γδ−1, γiγδ−1}. So Γ acts also on the space ΩQ = 2EQ by shift:
(γ · ω)({δ, }) = ω(γ−1 · {δ, }) = ω({δγ, γ}).
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Every ω ∈ ΩQ can be viewed as the subgraph of GQ with vertices Γ and an
edge {γ, γiγ} belonging to ω iff ω({γ, γiγ}) = 1. The connected components
of ω are called the clusters of ω.
An invariant bond percolation on this Cayley graph is a Γ-invariant prob-
ability Borel measure P on ΩQ. The percolation P is ergodic if the action
of Γ is ergodic with respect to P .
Consider now a free measure preserving action of Γ on (X,µ), fix Borel
subsets A1, . . . , An of X such that if γj = γ
−1
i , then γi · Ai = Aj, and define
Φ : X → ΩQ by
Φ(x)({δ, γiδ}) = 1⇔ δ · x ∈ Ai.
If γi · Ai = Bi, note that
Φ(x)({δ, γ−1i δ}) = Φ(x)({γ−1i δ, γi(γ−1i δ)}) = 1
⇔ γ−1i δ · x ∈ Ai
⇔ δ · x ∈ Bi.
It is easy to check that
Φ(γ · x) = γ · Φ(x)
and thus if P = Φ∗µ,P is an invariant bond percolation on the Cayley graph
GQ.
Note that if E = γ1|A1 ∨ · · · ∨ γn|An is the subequivalence relation of
F = EXΓ generated by γ1|A1, . . . , γn|An and if x ∈ X is such that Φ(x) = ω,
then γ 7→ γ · x is a 1-1 correspondence of Γ with Γ · x = [x]F = {y : yFx},
which sends the clusters of ω to the E-classes contained in [x]F . So the
structure of the E-classes in [x]F is equivalent to the structure of clusters of
Φ(x) = ω. The E-class of x corresponds to the cluster of 1 in ω. We let
X∞ = {x ∈ X : [x]E is infinite}.
For γ, δ ∈ Γ, put
Cγ,δ = {ω ∈ ΩQ : γ, δ are in the same cluster of ω}
and (as in Lyons-Schramm [LS]), let
τ(γ, δ) = P (Cγ,δ).
Note that by invariance
τ(γ, δ) = τ(γ, δ),∀ ∈ Γ,
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so τ(γ, δ) = τ(1, δγ−1). If
Cγ = C1,γ
and
Aγ = {x : Φ(x) ∈ Cγ},
then x ∈ Aγ iff γ · x ∈ [x]E iff x ∈ AE(γ) and so
ϕE(γ) = µ(AE(γ)) = P (Cγ) = τ(1, γ),
where we identify here γ with x 7→ γ · x.
(B) Conversely, let P be an invariant bond percolation on GQ. The action
of Γ on ΩQ might not be free. So fix a free, measure preserving action of Γ
on (Y, ν) and consider the product action of Γ on (X,µ) = (ΩQ × Y,P × ν),
which is clearly free. (If the action of Γ on ΩQ is already free, we can simply
take (X,µ) = (ΩQ,P ).) Let
Ci = {ω ∈ ΩQ : ω(1, γi) = 1},
Ai = Ci × Y ⊆ X.
Consider γ1|A1, . . . , γn|An and Φ : X → ΩQ defined as before. Then if
x = (ω, y), we have
Φ(x)({δ, γiδ}) = 1⇔ δ · x ∈ Ai
⇔ (δ · ω, δ · y) ∈ Ai
⇔ δ · ω ∈ Ci
⇔ δ · ω({1, γi}) = 1
⇔ ω({δ, γiδ}) = 1,
i.e., Φ(x) = Φ(ω, y) = ω.
(C) For further reference, we discuss some additional concepts and results
concerning percolation.
In the context of (B), and assuming that the Γ-action on (X,µ) is ergodic
and µ(X∞) > 0, we say that P has indistinguishable infinite clusters if E|X∞
is ergodic (this is not the standard definition but is justified by Gaboriau-
Lyons [GL], Prop. 5).
For any invariant bond percolation P on GQ and edge e ∈ EQ, define
pie : ΩQ → ΩQ by piE(ω)(e) = ω ∪ {e}. Then we say that P is insertion-
tolerant if P (A) > 0 ⇒ P (piE(A)) > 0,∀e ∈ EQ. An example of insertion-
tolerant, ergodic percolation is Bernoulli percolation.
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It is well-known, see Newman-Schulman [NS] or Lyons-Schramm [LS], 3.8,
that if P is ergodic and insertion-tolerant, then exactly one of the following
happens: ω has no infinite clusters, P -a.s.; ω has infinitely many infinite
clusters, P -a.s.; ω has exactly one infinite cluster P -a.s. Thus in the context
of (B), if P is insertion-tolerant, then either the E-classes are finite, µ-a.e.,
or there are infinitely many infinite E-classes in each F -class, µ-a.e., or there
is exactly one infinite E-class in each F -class, µ-a.e.
Moreover, again in the context of (B), Lyons-Schramm [LS] and Gaboriau-
Lyons [GL], Prop. 6, show that if P is ergodic and insertion-tolerant, and
has infinite clusters, P -a.s., then P has indistinguishable infinite clusters.
Finally, Lyons-Schramm [LS], Theorem 4.1, show that for any ergodic,
insertion-tolerant, invariant bond percolation P ,
inf
γ∈Γ
τ(1, γ) > 0⇒ ω has a unique infinite cluster, P−a.s.
This implies that in the context of (B), if P is ergodic and insertion-tolerant,
then if infγ∈Γ ϕE(γ) > 0, there is a unique infinite E-class in each F -class,
µ-a.e., and thus E|X∞ = F |X∞, µ-a.e.
We note here that one can give an alternative proof of Theorem 4.1 in
[LS] by using the results in the present paper and the indistinguishability
of infinite clusters for insertion-tolerant percolations. Indeed assume that
infγ∈Γτ(1, γ) > 0. In the notation of (A), (B) above, since τ(1, γ) = ϕE(γ),
this means that ϕ0E = infγ∈ΓϕE(γ) > 0, so by 2.5, there is an E-invariant
Borel set A ⊆ X of positive measure such that [F |A : E|A] <∞. By taking
in (B) the action of Γ on (Y, ν) to be weakly mixing, we have that F = EXΓ
is ergodic and thus A meets every F -class. It follows that A ⊆ X∞ and thus,
since P is insertion-tolerant, so that E|X∞ is ergodic, we have that A = X∞.
So ω has finitely many infinite clusters, P -a.s. and therefore exactly one.
Remark 4.1. Note that for any free, measure preserving action of an
infinite group Γ on (X,µ) and any subequivalence relation E ⊆ F = EXΓ ,
if E has finite classes, then ϕE(γ) → 0, as γ → ∞. Indeed, ϕE(γ) =∫
f(γ, x)dµ(x), where f(γ, x) = 1 if γ · x ∈ [x]E; = 0, if γ · x 6∈ [x]E. Since
for each x, f(γ, x) → 0, this conclusion follows by the Lebesgue Dominated
Convergence Theorem.
(D) We finish this section by now giving the promised
Proof of Theorem 3.11. We start with the following lemma.
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Lemma 4.2. Consider a free, measure preserving, ergodic action of a count-
able group Γ on (X,µ), a Borel set A ⊆ X of positive measure and EA a
Borel equivalence relation on A satisfying EA ⊆ EXΓ and limγ→∞ µ({x ∈ A :
γ · x ∈ A & γ · xEAx}) = 0. Then there exists a Borel equivalence relation
E ⊆ EXΓ on X with E|A = EA such that ϕE(γ) → 0 as γ → ∞. Moreover,
if EA is treeable (resp., ergodic), then E is treeable (resp., ergodic).
Proof. Let X \ A = ⊔γ∈ΓDγ, with γ(Dγ) ⊆ A,∀γ ∈ Γ. This exists
since A is complete section for EXΓ . Let E = EA ∨ {γ|Dγ : γ ∈ Γ} be the
equivalence relation generated by EA and {γ|Dγ : γ ∈ Γ}. Clearly E has all
the required properties except perhaps that ϕE(γ)→ 0 as γ →∞, which we
now proceed to verify.
Define f : X → Γ by
f(x) = γ ⇔ x ∈ Dγ or (x ∈ A & γ = 1).
Fix  > 0. Let K ⊆ Γ be finite, symmetric such that µ({x : f(x) 6∈ K}) < .
Let F ⊆ Γ be finite such that µ({x ∈ A : γ ·x ∈ A & γ ·xEAx}) < /|K|2 for
γ 6∈ F (where |K| = card(K)). We will show that ϕE(γ) < 3 if γ 6∈ KFK.
Indeed, fix such γ. Notice that for each x such that γ ·xEx, γ can be uniquely
written as f(γ · x)−1γ′xf(x) for some γ′x. We have
µ({x : γ · xEx}) < 2+ µ({x : γ · xEx & f(x) ∈ K & f(γ · x)−1 ∈ K}).
Now it only remains to notice that if x is in the second set above, γ′x 6∈ F
and γ′x ∈ KγK. So, by the choice of F , the second summand is bounded by
 and we are done. a
By Gaboriau-Lyons [GL], we fix a free, measure preserving, mixing action
b¯0 of Γ on (Y, ρ) and a free, measure preserving, ergodic action a¯0 of F2 on
(Y, ρ) with Ea¯0 ⊆ Eb¯0 and such that moreover if F2 = 〈g1, g2〉 then 〈g1〉 also
acts ergodically on (Y, ρ) and thus, by Dye’s Theorem, we can in fact assume
that the action of 〈g1〉 is mixing. Let N = [Eb¯0 : Ea¯0 ]. We can of course
assume that N > 1.
Let G = 〈F2,E〉 be the Cayley graph of F2 corresponding to the set of
generators Q = {g1, g2}. We consider on G Bernoulli p-percolation P p with
1/3 < p < 1, so that ω has infinitely many infinite clusters P p-a.s., see [LP].
Consider the usual shift action a of F2 on (Ω, ν), where Ω = 2
E, ν = P p, and
the co-induced action b0 = CInd(a¯0, b¯0)
Γ
F2
(a) on (X,µ) = (Y × ΩN , ρ× νN).
This action is mixing by 3.1. Consider also the associated action a′ of F2 on
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(X,µ), so that Ea′ ⊆ Eb0 = EXΓ = F and a is a factor of a′ via ϕ(y, ω¯) = ω¯0,
so, in particular, a′ is free. The same argument as in the proof of 3.1 also
shows that the action of 〈g1〉 on X is mixing, hence a′ is ergodic as well.
Recall that the action a′ of F2 on (X,µ) is given (in the notation of Section
3) by
δ · (y, ω¯) = (δ · y, (n 7→ δ¯(δ, y)n · ω¯pi(δ,y)−1(n)),
where pi(δ, y)(k) = n⇔ [Ck(y)]Ea¯0 = [Cn(δ·y)]Ea¯0 and δ¯(δ, y)n·Cpi(δ,y)−1(n)(y) =
Cn(δ ·y). Since C0(y) = y, we have pi(δ, y)(0) = 0. Moreover δ¯(δ, y)0 ·y = δ ·y,
so δ¯(δ, y)0 = δ. It follows that
δ · (y, ω¯) = (δ · y, δ · ω¯0, (n > 0 7→ δ¯(δ, y)n · ω¯pi(δ,y)−1(n))),
so (up to an obvious isomorphism) X = Ω × (Y × ΩN\{0}) and the action
a′ is the product action of a and a free, measure preserving action of F2 on
(Y ×ΩN\{0}, ρ× νN\{0}). The projection of X = Y ×ΩN to the first factor Ω
in the above product is of course ϕ(y, ω¯) = ω¯0. Thus we are in the situation
of Section 4, (B).
We can then define the associated subequivalence relation E ′ ⊆ Ea′ by
x1E
′x2 ⇔ ∃δ ∈ F2(δ · x1 = x2 & 1, δ are in the same ϕ(x1) cluster),
i.e., E ′ = g1|Ag1 ∨ g2|Ag2 , where Agi = {x : ϕ(x)({1, gi}) = 1}. Let
A = X∞ = {x : [x]E′ is infinite}
= {x : the cluster of 1 in ϕ(x) is infinite}.
Since P p has indistinguishable infinite clusters, EA = E
′|A is ergodic. It is
also clear that EA is treeable and non-hyperfinite, as the canonical treeing
on it has infinitely many ends, a.e. (see [LP], 7.29).
We next show that EA satisfies the hypothesis of 4.2. Indeed we have by
Fubini
µ({(y, ω¯) :γ · (y, ω¯)EA(y, ω¯)}) =∫
νN({ω¯ : γ · (y, ω¯)EA(y, ω¯)})dρ(y)
and it is enough to show that the function under the integral converges to
0 as γ → ∞ for any y ∈ Y . Fix y ∈ Y and consider an arbitrary sequence
γn →∞. Notice that if γ · (y, ω¯)EA(y, ω¯), then γ · (y, ω¯)E ′(y, ω¯), so there is
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δ ∈ F2 with γ · (y, ω¯) = δ · (y, ω¯) and thus γ · y¯ = δ · y¯. Since we can clearly
assume that for each n, {ω¯ : γn ·(y, ω¯)EA(y, ω¯)} 6= ∅, there is (unique) δn ∈ F2
with γn · y = δn · y and γn · (y, ω¯)EA(y, ω¯)⇒ γn · (y, ω¯) = δn · (y, ω¯). Clearly
δn →∞. So
νN({ω¯ : γn · (y, ω¯)EA(y, ω¯)}) =
νN({ω¯ : δn · (y, ω¯)EA(y, ω¯)}) ≤ τ(1, δn)→ 0.
Thus by 4.2 there is a treeable, ergodic, non-hyperfinite equivalence re-
lation E1 ⊆ EXΓ with E1|A = EA such that ϕE1(γ) → 0 as γ → ∞. In
particular, the cost of E1 is > 1. Then by [GL], Proposition 13, one can find
a free, measure preserving, ergodic action a0 of F2 on (X,µ) such that, letting
E = EXF2 be its associated equivalence relation, we have E ⊆ E1 ⊆ F = EXΓ .
Clearly ϕE(γ)→ 0 as γ →∞ and the proof of 3.11 is complete.
5 Property (T) groups
(A) Let now Γ be an infinite group with Kazhdan’s property (T). A Kazhdan
pair for Γ is a pair (Q, ), where Q is a finite generating set for Γ and  > 0
is such that for any unitary representation pi of Γ on a Hilbert space H, if
there is a vector ξ ∈ H with ‖pi(γ)(ξ) − ξ‖ < ‖ξ‖,∀γ ∈ Q, then there is a
non-0 Γ-invariant vector. The group Γ having property (T) is equivalent to
the assertion that there is a Kazhdan pair (Q, ) and also equivalent to the
assertion that for every finite generating set Q there is  > 0 with (Q, ) a
Kazhdan pair. Let
Q = max{ : (Q, ) is a Kazhdan pair} > 0
be the maximum Kazhdan constant associated to Q (this is sometimes de-
noted by K(Q,Γ)). It is easy to see that Q ≤
√
2 and Shalom (private
communication) has shown that supQ Q =
√
2 (where the sup is over all
finite generating sets). We state below a more precise quantitative version.
Proposition 5.1 (Shalom). Let Γ be a countable group satisfying property
(T). Let (Q, ) be a Kazhdan pair for Γ, with Q symmetric containing 1. Let
card(Q) = k. Then for every n ≥ 1,(
Qn,
√
2
[
1− (k − 2/2
k
)n])
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is also a Kazhdan pair. In particular, supQ Q =
√
2, where the sup is over
all the finite generating sets.
Proof. Note that (Q¯, ¯) is a Kazhdan pair iff for any unitary representa-
tion pi : Γ→ U(H) which has no non-0 invariant vectors, we have
max
γ∈Q
‖pi(γ)(ξ)− ξ‖ ≥ ¯,
for every unit vector ξ ∈ H or equivalently
min
γ∈Q
Re 〈pi(γ)(ξ), ξ〉 ≤ 1− ¯
2
2
, (∗)
for any unit vector ξ ∈ H.
So fix Q′ = Qn, ′ =
√
2[1− (k−2/2
k
)n] in order to show that (∗) holds
for (Q′, ′) and any pi without invariant non-0 vectors. For this define the
averaging operator
T =
1
k
∑
γ∈Q
pi(γ).
Since T is self-adjoint, we have
‖T‖ = sup
‖ξ‖=1
|〈T (ξ), ξ〉|
= sup
‖ξ‖=1
1
k
∣∣∣∣∣∣1 +
∑
γ∈Q\{1}
Re 〈pi(γ)(ξ), ξ〉
∣∣∣∣∣∣
≤ sup
‖ξ‖=1
1
k
(
(k − 1) + (1− 
2
2
)
)
=
k − 2
2
k
(by (∗) for (Q, )).
Then for every n ≥ 1 and every unit vector ξ ∈ H, we have
1
kn
∑
γ1,...,γn∈Q
Re 〈pi(γ1 · · · γn)(ξ), ξ〉 = 〈T n(ξ), ξ〉
≤ ‖T n‖ ≤ ‖T‖n ≤
(
k − 2
2
k
)n
.
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This gives
min
γ∈Qn
Re 〈pi(γ)(ξ), ξ〉 ≤
(
k − 2
2
k
)n
,
for every unit vector ξ ∈ H. a
We can also see that restricting the number of generators to a fixed size n
gives an upper bound strictly less than
√
2. More precisely we have for each
infinite group Γ with property (T):
n(Γ) = sup{Q : Q generates Γ, card(Q) ≤ n} ≤
√
2 ·
√
2n− 1
2n+ 1
.
To see this fixQ with card(Q) ≤ n and consider the left regular representation
λ of Γ, let Q¯ = Q∪{1}∪Q−1, so that card(Q¯) = m ≤ 2n+1, and let ξ ∈ `2(Γ)
be the unit vector ξ = 1√
m
χQ¯. Then, as for each γ ∈ Q, γQ¯ ∩ Q¯ contains
{1, γ}, we have 〈γ · ξ, ξ〉 = 1
m
card(γQ¯ ∩ Q¯) ≥ 2
m
≥ 2
2n+1
, so ‖γ · ξ − ξ‖2 =
2(1 − 〈γ · ξ, ξ〉) ≤ 2(1 − 2
2n+1
) = 2(2n−1
2n+1
). Since λ has no non-0 invariant
vectors, Q ≤
√
2 ·
√
2n−1
2n+1
. We do not know if the above upper bound for
n(Γ) is best possible.
We see from 5.1 that if Q is a symmetric generating set with card(Q) = k
and (Q, ) is a Kazhdan pair for Γ, then
kn(Γ) ≥
√
2 ·
√
1− (k − 
2/2
k
)n,∀n ≥ 1.
In a preliminary version of this paper, we raised the following question: Fix
n ≥ 2. Is inf{n(Γ) : Γ is an n-generated infinite group with property (T)}>
0? Shalom pointed out that this is false, with the counterexamples being
products of two groups with one factor a finite cyclic group. The question
remains open whether there are such counterexamples if one considers only
property (T) groups which are perfect (i.e., groups equal to their commutator
subgroups).
The following fact is well-known.
Proposition 5.2 (see [BHV, 1.1.8]). Let (Q, ) be a Kazhdan pair for Γ.
Then for any δ > 0, any unitary representation (pi,H) of Γ and ξ ∈ H, if
∀γ ∈ Q(‖pi(γ)(ξ) − ξ‖ < δ‖ξ‖), then there is a Γ-invariant vector η with
‖ξ − η‖ ≤ δ‖ξ‖.
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The next result is a consequence of Deutch-Robertson [DR], but we will
give the short proof for the reader’s convenience.
Proposition 5.3. Let Γ be a group with property (T), (Q, ) a Kazhdan pair
for Γ, δ > 0, and ϕ a positive-definite function on Γ with ϕ(1) = 1. Then
∀γ ∈ Q(Re ϕ(γ) ≥ 1− δ22
2
) implies ∀γ ∈ Γ(Re ϕ(γ) ≥ 1− 2δ2).
Proof. Let (pi,H, ξ) = (piϕ,Hϕ, ξϕ) be the GNS representation of Γ
associated to ϕ, so that 〈pi(γ)(ξ), ξ〉 = ϕ(γ). In particular ξ is a unit vector
as ϕ(1) = 1. Also ‖pi(γ)(ξ)− ξ‖2 = 2(1−Re ϕ(γ)). So if Re ϕ(γ) ≥ 1− δ22
2
for γ ∈ Q, then ‖pi(γ)(ξ) − ξ‖2 ≤ δ22, so there is a Γ-invariant vector η
with ‖ξ − η‖ ≤ δ. Then ‖pi(γ)(ξ) − η‖ ≤ δ, so ‖pi(γ)(ξ) − ξ‖ ≤ 2δ, thus
2(1− Re ϕ(γ)) ≤ 4δ2,∀γ ∈ Γ or Re ϕ(γ) ≥ 1− 2δ2,∀γ ∈ Γ. a
(B) Consider now a measure preserving action of a group Γ with property
(T) on a standard measure space (X,µ) and let F = EXΓ be the associated
equivalence relation and E ⊆ F a subequivalence relation. Applying the
preceding to ϕE, we obtain:
Corollary 5.4. Let Γ be an infinite group with property (T) and (Q, ) a
Kazhdan pair for Γ. If Γ acts in a measure preserving way on (X,µ) with
associated equivalence relation F = EXΓ and E ⊆ F is a subequivalence
relation, then:
(i) For any δ > 0,minγ∈Q ϕE(γ) ≥ 1− δ222 , implies ϕ0E = infγ∈Γ ϕE(γ) ≥
1− 2δ2.
(ii) If minγ∈Q ϕE(γ) > 1− 22 , then there is an E-invariant set of positive
measure A such that [F |A : E|A] <∞. If moreover minγ∈Q ϕE(γ) > 1− 24 ,
then ϕ0E > 0 and [F |A : E|A] ≤ 1ϕ0E . If minγ∈Q ϕE(γ) > 1−
2
8
, then ϕ0E >
1
2
and F |A = E|A. Finally if minγ∈Q ϕE(γ) > 1− 216 , then ϕ0E > 34 and we can
find such an A with µ(A) ≥ 4ϕ0E − 3.
(iii) If the action of Γ is free and E is induced by a free action of ∆, then
if minγ∈Q ϕE(γ) > 1− 22 , Γ and ∆ are ME and so ∆ has property (T).
Proof. (i) follows from 5.3. For (ii) first notice that if minγ∈Q ϕE(γ) >
1− 2
2
, then for the representation τ discussed in Section 2, (A) and letting
τ(γ)(ξ) = γ · ξ, we have ‖γ · ξ0− ξ0‖2 = 2(1−〈γ · ξ0, ξ0〉) = 2(1−ϕE(γ)) < 2,
for all γ ∈ Q, so τ has an invariant non-0 vector, thus, by 2.3, there is an
E-invariant set A ⊆ X of positive measure for which [F |A : E|A] < ∞. If
minγ∈Q ϕE(γ) > 1− 24 , then, by 5.3, ϕ0E > 0, so by 2.5 we can find such an A
with [F |A : E|A] ≤ 1
ϕ0E
. If minγ∈Q ϕE(γ) > 1− 28 , then again by 5.3, ϕ0E > 12 ,
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so such an A can be found with E|A = F |A. Finally if minγ∈Q ϕE(γ) > 1− 216 ,
then ϕ0E >
3
4
and such an A can be found with µ(A) > 4ϕ0E − 3, using 2.15.
Clearly (iii) follows from the above and 2.8. a
We next note the following quantitative version of 3.4 for groups with
property (T).
Proposition 5.5. In the notation of Section 2 (A), let Γ have property (T)
and let (Q, ) be a Kazhdan pair for Γ. If minγ∈Q ϕE(γ) > 1 − 22 , then for
any a ∈ A(∆, Y, ν), if b = CInd(a0, b0)Γ∆(a), then
b is ergodic ⇒ a is ergodic.
Proof. Assume that a is not ergodic and repeat the proof of 3.4, with
k = n = 0. Then for ξ = f (0), 〈γ · ξ, ξ〉 = ϕE(γ−1) = ϕE(γ),∀γ ∈ Q. So
‖γ · ξ − ξ‖2 = 2(1− 〈γ · ξ, ξ〉) < 2,∀γ ∈ Q, thus there is a non-0 Γ-invariant
vector, so b is not ergodic. a
(C)We next consider some consequences concerning percolation on Cay-
ley graphs of property (T) groups.
Theorem 5.6. Let Γ be an infinite group with property (T), (Q, ) a Kazhdan
pair, and P an invariant, ergodic, insertion-tolerant bond percolation on GQ.
Then if the survival probability P ({ω : ω(e) = 1) of each edge e is > 1− 2
2
, ω
has a unique infinite cluster, P -a.s.
Proof. In the context of Section 4, whose notation we keep below, take
the free action of Γ on (Y, ν) to be weakly mixing, so that the Γ-action on
(X,µ) = (ΩQ × Y,P × ν) is free and ergodic. If Q = {γ1, . . . , γn}, then we
have P ({ω : ω({1, γi}) = 1}) ≤ τ(1, γi) = ϕE(γi), so minγ∈Q ϕE(γ) > 1− 22 ,
thus, by 5.4 (ii), there is an E-invariant set A ⊆ X∞ of positive measure
with [F |A : E|A] < ∞. Since P is insertion-tolerant, by Section 4, (C),
E|X∞ is ergodic, so A = X∞, which again by Section 4, (C) implies that
[F |A : E|A] = 1, i.e., F |X∞ = E|X∞. This means that ω has a unique
infinite cluster, P -a.s. a
In the case of Bernoulli bond percolation P p, p ∈ (0, 1) on GQ, let pu =
pu(Q) be the critical probability for uniqueness defined by: pu = inf{p :
there is a unique infinite cluster,P p−a.s.}. In Lyons-Schramm [LS] the au-
thors show that for property (T) groups Γ and any finite set of generators Q
one has pu(Q) < 1. From the preceding result one has a quantitative version.
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Corollary 5.7. Let Γ be an infinite group with property (T) and (Q, ) a
Kazhdan pair. Then pu(Q) ≤ 1− 22 .
We also have the following:
Corollary 5.8. For each ρ > 0 and every infinite group Γ with property (T),
there is a finite set of generators Q for Γ such that for any invariant, ergodic,
insertion-tolerant bond percolation P on GQ, if the survival probability of each
edge is ≥ ρ, then ω has a unique infinite cluster, P -a.s.
Proof. By 5.1, supQ Q =
√
2, where the sup is taken over all finite
generating sets Q for Γ.
So fix ρ > 0,Γ an infinite group with property (T) and Q a finite gener-
ating set of Γ such that  = Q >
√
2(1− ρ). Then for P as in the statement
of the present corollary, the survival probability of each edge is bigger than
1− 2
2
, so ω has a unique infinite cluster, P -a.s., by 5.6. a
There is also a version of 5.8 for arbitrary invariant, ergodic bond perco-
lations.
Corollary 5.9. Let Γ be an infinite group with property (T) and (Q, ) a
Kazhdan pair. Then for any invariant, ergodic bond percolation P on GQ,
if the probability of survival of every edge is > 1 − 2
2
, there is n ≥ 1 and a
Γ-invariant Borel map C0 : ΩQ → [2Γ]n (= the space of n-element subsets of
the power set of Γ) such that C0(ω) is a set of n infinite clusters of ω,P -a.s.
In particular, for every ρ > 0 and every infinite group Γ with property
(T), there is a finite set of generators Q for Γ such that for any invariant,
ergodic bond percolation P on GQ, if the survival probability of each edge is
≥ ρ, then we can assign in a Γ-invariant Borel way a finite set (of fixed size)
of infinite clusters to each ω,P -a.s.
Proof. We follow the proof of 5.6, whose notation and that of Section
4 we use below. Let Q = {γ1, . . . , γn}. Then µ(Ai) > 1 − 22 , so if E is the
equivalence relation induced by γ1|A1, . . . , γn|An, we have ϕE(γi) > 1 − 22 .
So, by 5.4, there is an E-invariant set A ⊆ X∞ of positive measure such that
[F |A : E|A] = k < ∞. For each x = (ω, y), let f(x) = {γ : γ · x ∈ A} ∈ 2Γ.
Clearly for δ ∈ Γ, f(δ · x) = f(x)δ−1 = δ · f(x), where Γ acts on the set
of subsets 2Γ of Γ by right multiplication. Moreover f(x) is the union of
k infinite clusters of ω. Thus the map fω : Y → [C(ω)]k = (the set of k-
element subsets of C(ω)), where C(ω) = (the set of infinite clusters of ω),
given by fω(y) = (the set of clusters contained in f(ω, y)), induces a measure
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(fω)∗ν = νω on [C(ω)]k. Moreover, γ ·νω = νγ·ω, where γ ·νω(B) = νω(γ−1 ·B),
for B ⊆ [C(ω)]k. But (fω)∗ν is a countably additive measure on the countable
set [C(ω)]k, thus can be viewed as given by a weight function W (ω, C¯), C¯ ∈
[C(ω)]k, where 0 ≤ W (ω, C¯) ≤ 1, and ∑C¯∈[C(ω)]k W (ω,C) = 1. Moreover,
W (ω, C¯) =W (γ ·ω, γ · C¯). Let {C¯1(ω), . . . , C¯n(ω)(ω)} be the set of k-element
subsets of C(ω) of maximum weight. Again ω 7→ {C¯1(ω), . . . , C¯n(ω)(ω)} is
Γ-invariant. By the ergodicity of P , n(ω) = n0,P -a.s. Let C0(ω) = C¯1(ω) ∪
· · · ∪ C¯n0(ω) ∈ [C(ω)]<N = (the set of finite subsets of C(ω)). Again C0(ω) is
Γ-invariant, so for some n, C0(ω) ∈ [C(ω)]n, P -a.s., and the proof is complete.
a
(D) Next we derive some upper bounds for the cost of a group with
property (T). Below C(Γ) denotes the cost of a group Γ. If Γ is infinite
and has property (T) and Q is a finite set of generators with card(Q) = n,
then it is well known that 1 ≤ C(Γ) < n (the strict inequality follows from
Gaboriau [G1], since no free measure preserving action of Γ is treeable, see
Adams-Spatzier [AS]). We prove below some improvements on this upper
bound. It should be pointed out however that at this time no property (T)
groups Γ with C(Γ) > 1 are known to exist.
The next result is obtained by a combination of Lyons-Peres-Schramm
[LPS] and 5.7.
Theorem 5.10. Let Γ be an infinite group with property (T). Let (Q, ) be
a Kazhdan pair for Γ. Then if n = card(Q),
C(Γ) ≤ n(1− 
2
2
) +
n− 1
2n− 1 .
Proof. For the Bernoulli bond percolation P p, p ∈ (0, 1) on GQ, let
pc = pc(Q) be the critical probability for infinite clusters defined by: pc =
sup{p : all clusters are finite,P p−a.s.}. If d is the degree of GQ, so that
d ≤ 2n, it is well-known that pc ≥ 1d−1 , see Lyons-Peres [LP]. Consider the
probability space
Ω˜Q = {ω˜ ∈ [0, 1]EQ : all edge labels are distinct}
equipped with the product measure of the Lebesgue measure on [0,1]. Con-
sider the random variable = : Ω˜Q → 2EQ corresponding to the free minimal
spanning forest as defined in Lyons-Peres-Schramm [LPS].
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Then we have
C(Γ) ≤ 1
2
E(deg1=) ≤
1
2
(2 + d
∫ pu
pc
θ(p)2dp), (2)
where deg1= is the degree of the identity of Γ in the forest. Here θ(p) is
the probability that the cluster of 1 is infinite in Bernoulli p-percolation.
The first inequality, due to Lyons, follows from the following observation.
Fix a positive number ¯ and consider the probability space 2EQ equipped
with the Bernoulli measure P ¯. Consider also the diagonal action of Γ on
Ω˜Q × 2EQ with associated product measure µ. Define the graphing G of the
orbit equivalence relation as follows:
{(ω˜1, ω1), (ω˜2, ω2)} ∈ G ⇔∃γ ∈ Q[γ · (ω˜1, ω1) = (ω˜2, ω2)
and ({1, γ} ∈ =(ω˜1) or {1, γ} ∈ ω1)].
That G spans the equivalence relation follows from [LPS], Theorem 3.22 and
for the cost, we have
Cµ(G) ≤ 1
2
(E(deg1=(ω˜)) +E(deg1ω)) =
1
2
(E(deg1=) + ¯d).
Since ¯ was arbitrary, we obtain the desired inequality. The second inequality
in (2) is [LPS], Corollary 3.24.
Thus we have, using 5.7,
C(Γ) ≤ 1 + d
2
(pu − pc)
≤ 1 + d
2
((
1− 
2
2
)
− 1
d− 1
)
=
d
2
(
1− 
2
2
)
+
d− 2
2(d− 1)
≤ n
(
1− 
2
2
)
+
(
n− 1
2n− 1
)
.
a
When Γ is torsion-free we also obtain some additional estimates.
Theorem 5.11. Let Γ be an infinite group with property (T) and (Q, ) a
Kazhdan pair for Γ. Let card(Q) = n. If Q contains an element of infinite
order, then
C(Γ) ≤ n− (n− 1)
2
8
.
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Proof. Consider a free, ergodic action of Γ on (X,µ) with associated
equivalence relation F = EXΓ . Let Q = {γ1, . . . , γn}, where γ1 has infinite
order. Fix δ < 1
2
and let A ⊆ X have measure µ(A) = 1− δ22
2
. Let E = γ1∨
γ2|A∨ · · · ∨ γn|A be the equivalence relation generated by γ1, γ2|A, . . . , γn|A,
so that E is aperiodic. Then Cµ(E) ≤ 1 + (n − 1)(1 − δ222 ). Also ϕE(γ) ≥
1 − δ22
2
,∀γ ∈ Q, so, by 5.4 (i), ϕ0E ≥ 1 − 2δ2 > 12 . Then, by 2.13, Cµ(F ) ≤
Cµ(E) ≤ 1 + (n− 1)(1− δ222 ). Taking δ → 12 we are done. a
Theorem 5.12. Let Γ be an infinite group with property (T) and let (Q, ) be
a Kazhdan pair for Γ with Q containing an element of infinite order. Then
C(Γ) ≤ n− 
2
2
.
Proof. Let b0 be a free, mixing action of Γ on (X,µ) and put F = E
X
Γ .
Let Q = {γ1, . . . , γn}, where γ1 has infinite order. Consider the graphing of
F given by γ1, . . . , γn. Applying the argument in Kechris-Miller [KM] and
(independently) Pichot [P], we obtain a treeing of a subequivalence relation
E ⊆ F , generated by γ1, γ2|A2, . . . , γn|An, for some Borel sets A2, . . . , An,
such that Cµ(E) ≥ Cµ(F ). Thus Cµ(F ) ≤ 1 +
∑n
i=2 µ(Ai). Now E is
treeable and ergodic, so by Hjorth [H3], E is induced by a free action a0 of a
group ∆. If we had µ(Ai) > 1− 22 , for all i = 2, . . . , n, then minγ∈Q ϕE(γ) >
1 − 2
2
, so, by 5.4 (iii), ∆ has property (T) a contradiction. So for some
i = 2, . . . , n, µ(Ai) ≤ 1− 22 , therefore Cµ(E) ≤ 1+(n−2)+(1− 
2
2
) = n− 2
2
.
a
(E) Finally, we note that there is an analog of 5.4 (iii), when Γ does not
have the HAP.
Proposition 5.13. Let Γ be an infinite group without the HAP. Then there
exists  > 0 and a finite set Q ⊆ Γ with the following property:
Let ∆ be a group and consider two free, measure preserving actions of Γ
and ∆ on (X,µ) such that E = EX∆ ⊆ F = EXΓ . If minγ∈Q ϕE(γ) > 1 − ,
then ∆ does not have the HAP.
Proof. Since Γ does not have the HAP, we can find  > 0 and Q ⊆ Γ
finite such that if ϕ : Γ→ C is a positive-definite function with ϕ(1) = 1 and
ϕ ∈ c0(Γ), then minγ∈Q ϕ(γ) ≤ 1− .
Now let ∆ be as above and assume that it has the HAP. Let ψn : ∆→ C
be positive-definite functions such that limn→∞ ψn(δ) = 1, for all δ ∈ ∆, and
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ψn ∈ c0(∆), for all n. If Aγ,δ = {x ∈ X : γ · x = δ · x}, then the formula
ϕn(γ) =
∑
δ∈∆ ψn(δ)µ(Aγ,δ) defines a sequence of positive-definite functions
on Γ.
Next we have that
lim
n→∞
ϕn(γ) =
∑
δ∈∆
µ(Aγ,δ) = µ({x ∈ X : γ · x ∈ ∆ · x} = ϕE(γ),∀γ ∈ Γ.
Thus, to get a contradiction to the non-HAP assumption, it suffices to show
that ϕn ∈ c0(Γ), for all n. This is clear, since for a fixed n we have that
limδ→∞ ψn(δ) = 0, limγ→∞ µ(Aγ,δ) = 0, for all δ ∈ ∆, and
∑
δ µ(Aγ,δ) ≤ 1,
for all γ ∈ Γ. a
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